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Preface

The International Conference on Two Cosmological Models was held at Universidad Iberoamer-
icana in Mexico City, Mexico, from November 17th to 19th, 2010, as a forum devoted to the study
and discussion of two important problems of modern cosmology. Of the more than 50 experts of
the traditional ACDM model that were invited by the University to assist at the Conference, five
accepted our invitation. Of the 11 representatives of alternative models that were invited, all
agreed to participate. Two participants gave an overview of historical and relativistic aspects of
the problem, without aligning with any model in particular. A total of 18 speakers from Brazil,
Canada, Chile, France, Germany, India, Mexico, the Netherlands, New Zealand, and the USA
gave a total of 20 lectures and participated in an open discussion on the following two topics:
1) The concept of dark matter as a possible explanation of the rotation velocity of galaxies and
galaxy clusters in the context of Newtonian dynamics; and the alternative explanation through
Einstein’s general relativity, without dark matter. 2) The concept of dark energy as a possible
explanation of the apparent acceleration of the expansion of the universe; and the alternative
explanation through Einstein’s gravitational theory, without dark energy.

The overall impact of the event was more than satisfactory. These Proceedings contain
the lectures on the topics covered in the International Conference on Two Cosmological Models,
except for two of them, who could not send us the written version of their lecture. One participant
did not send us the written version of his lecture, but gave us permission to transcribe its verbal
version. After the Conference, some participants made their lectures available in ArXiv, adding
some references to more recent essays, published after the Conference, so that these Proceedings
provide the reader with an update of the most current research on these very transcendental
topics.

We would like to thank everyone who contributed to the success of the International Con-
ference on Two Cosmological Models. Very special thanks are due to the invited speakers who
addressed a very interesting and high quality set of talks and shared their deep knowledge and
time with the participants.

We grately acknowledge Dr. John Auping-Birch and all the staff of Universidad Iberoamer-
icana for the warm hospitality, which was extended to all the participants. We specially thank
Dr. José Morales-Orozco, Rector of Universidad Iberoamericana, Mexico City for sponsoring
this international endeavor. We hope that these Proceedings will serve to foster the impressive
growth of high precision cosmology and the discussion on the different theoretical interpretations
of its findings and, additionally, reinforce the existing ties between the Mexican researchers and
scientists from all over the world.

Dr. Alfredo Sandoval Villalbazo Director of the Physics and Mathematics Department Uni-
versidad Iberoamericana Mexico, July 2012
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PART |

SPIRAL GALAXY ROTATIONAL VELOCITY






GRAVITATION AND SPACETIME: EINSTEIN’S
CONTRIBUTION

Hans C. Ohanian
Department of Physics, University of Vermont, Burlington, VT 05405-0125, USA
hohanian@uvm.edu

Abstract

As T argued in Einstein’s Mistakes [1], most of Einstein’s great discoveries rest on con-
ceptual mistakes which he used as stepping stones toward a final, true, result. This lecture
is a summary of the various mistakes that paved Einstein’s progress toward his theories of
special and general relativity. It also includes a detailed discussion of an extra, previously
unrecognized, mistake in the application of the equivalence principle, namely, that the gravi-
tational redshift cannot be derived from this principle by Einstein’s 1911 argument, because
the equivalence principle contains a contradiction that renders it invalid when applied in
flat spacetime.

1 Introduction

I want to begin this lecture by making a wish: I earnestly and passionately wish that the
participants of this conference will make very many big mistakes. My wish is not malicious,
because I believe it is by making great mistakes that we make great discoveries. As James Joyce
said, “Errors are the portals of discovery.” And I am going to illustrate this maxim by showing
you how Einstein’s great and wonderful mistakes led him to his great and wonderful discoveries
in special and general relativity.

Although the modern view of space and time was not exclusively the work of Einstein, he
made the most fundamental and most profound contributions, and for many years he was the
dominant figure in relativistic physics, as well as the dominant figure in all of physics. Einstein
became a celebrity, adored by the public, and even today, fifty five years after his death, his
celebrity status survives. If you google Einstein you get 155 million hits, which is only slightly
below the number for Jesus.

Bernard Shaw compared Einstein to the great conquerors in history and called him a maker
of universes. He said “Ptolemy made a universe, which lasted 1400 years. Newton, also, made a
universe, which lasted 300 years. Einstein has made a universe, and I can’t tell you how long it
will last” [2] .We are now in the 105" year of Einstein’s spacetime universe, and so far all is well.
I don’t regard the theories that will be presented at this conference as an attempt to overthrow
Einstein’s view of spacetime—these theories merely adjust and refine Einstein’s work.

The only serious attempt at overthrowing Einstein’s spacetime is found in string theory, but
so far, this has been a chaotic endeavor, without any sharply defined target or any clearcut
success. String theorists claim they will someday be able to predict everything, but so far they
have predicted next to nothing. Last week, in Physics Today, I finally read a prediction made
by a string theorist who had investigated neutrinos, and who announced “We showed that in
no case could the theory generate light but not massless neutrinos. That work presents a clear
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example of a test of string theory” [3] . What this sentence means is a mystery to me; I have
read it forward and backward and sideways, and I still am not sure what it means. As best I can
tell, this string theorist seems to announce that his theory can generate only neutrinos of mass
zero, which, of course, disagrees with the observational fact that neutrinos have mass. And he
regards this as progress?

Because Einstein played such a preeminent role in relativity, every development in relativity
has tended to be credited to him. The physicist and historian Jagdish Mehra thought this was
a result of “the sociology of science, the question of the cat and the cream. Einstein was the big
cat of relativity, and the whole saucer of its cream belonged to him by right and by legend, or
so most people assume!” [4].

But legends are often wrong. Not all of the contributions to relativity came from Einstein,
and even those contributions that originated from Einstein were often in need of corrections,
improvements, and emendations. In this lecture, I will dissect the mistakes that Einstein made
in the seminal papers that led to the development of special relativity and general relativity in
1905 and 1911-1916, and I will show how his great and surprising mistakes led to his great and
surprising discoveries.

2 Special relativity

The groundwork for special relativity had already been laid by Einstein’s predecessors, especially
Hendrik Lorentz and Henri Poincare. Einstein did not admit to that in his first paper on relativity,
but he admitted it later, saying that by 1905 relativity “was in the air” [5] . Einstein’s 1905
paper contains several fundamental contributions. Not all of them were new; his statement of the
principle of relativity had been anticipated by Poincare and his coordinate transformations were
a rederivation of the Lorentz transformations obtained by Lorentz a year earlier, which Einstein
had not noticed. And some of the contributions in the 1905 paper involved serious mistakes.
Despite, and perhaps because of, these mistakes, this paper launched the theory of relativity by
laying down a general program for how to implement the principle of relativity for all laws of
physics by means of the Lorentz transformations.

Einstein begins his 1905 paper with a discussion of synchronization of clocks. This dis-
cussion is phrased in deceptively simple language, although it deals with a profound physical
and philosophical question. He asks, What does it mean to say “that a train arrives here at 7
o’clock?” And he answers that it means that “the pointing of the small hand of his watch to 7
and the arrival of the train are simultaneous events” [6] . That much is simple. But things get
more complicated when we want to synchronize clocks or events at different locations.To achieve
synchronization at distant locations, say, Ciudad de México and Mérida, we need some special
synchronization procedure, and Einstein decided to adopt a procedure of sending light signals
back and forth between the two locations. If the light signal leaves here at noon, and comes back
in 6 milliseconds, then it must have reached Mérida at noon plus 3 milliseconds, which tells our
colleagues at the Universidad de Yucatan how to synchronize their clock with ours.

Einstein became obsessed with this synchronization procedure, and he believed it was the
solution to the puzzle of the invariance of the speed of light, a problem he had wondered about
since his teenage years. Due to the emphasis he gave to this procedure in his 1905 paper, it became
known as the “Einstein procedure” for synchronization. But it did not originate with Einstein.
It actually was a procedure that had been adopted in the 1850s, when the first long-distance
telegraph lines were laid in the US, and astronomers decided to use back-and-forth telegraph
signals to synchronize distant clocks, for use in accurate determinations of geographical longitude.
Throughout the second half of the 19*” century, this method was widely used for transcontinental
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geographical surveys, such as the surveys of India and of Russia; and, when the first transoceanic
telegraph lines were laid, it was also used for intercontinental longitude determinations. In the
first years of the 20*" century, the method was used for a new longitude determination of the
Paris Observatory relative to Greenwich, and maybe that was where Einstein heard about this
method and decided to imitate it.

Einstein argues that if we adopt this synchronization procedure for the clocks at the starting
and ending points of a racetrack, it becomes meaningless to measure the separate one-way speeds
of light forward and backward along the racetrack, because such measurements would be logically
circular. Einstein therefore claims that the equality of one-way speeds of light is a stipulation,
beyond the reach of actual experiment.

His logic is impeccable, but his physics is atrocious. Einstein forgets that there might be
other ways to synchronize clocks, such as transport of clocks from one place to the other. Before
telegraphy became available, such clock transport was widely used by astronomers in the 19
century for determinations of geographical longitude. To synchronize clocks at different stations,
astronomers transported chronometers between the stations, often using several chronometers, to
improve the accuracy by averaging. For instance, to determine the longitude difference between
Greenwich and Valentia (on the west coast of Ireland), George Airy, then the Astronomer Royal,
transported 30 chronometers from Greenwich to Valentia, and then he repeated this times, for
an even better average [7].

And Einstein forgets that there might be other ways to measure the one-way speed of light
without synchronization of clocks. As far back as thel7'® and 18" centuries, the Danish as-
tronomer Olaf Roemer and the English astronomer James Bradley measured the one-way speed
of light without making use of any clock synchronization. Roemer (1676) exploited the time delay
in the observed eclipses of the satellites of Jupiter, and Bradley (1727) exploited the aberration
of starlight. Both methods hinge, in essence, on comparing the speed of light with the speed of
the Earth in its orbit.

Why or how Einstein overlooked these two well-known historical determinations of the speed
of light is a puzzle. Roemer’s and Bradley’s determinations of the speed of light were well known
in the 19*" century, and they were even discussed in introductory physics textbooks [8]. Maybe
FEinstein decided to dismiss these astronomical methods out of hand because, in practice, they
could not achieve the high precision attained by terrestrial methods, first by Armand Fizeau
in 1849 and then by Abraham Michelson in a series of measurements in the 1880s and 1890s.
Michelson continued to improve these measurements, and for his work he came to be called the
“master of light” (in Spanish, “el senor de la luz,” which rather sounds like a religious title).
But in his paper Einstein was discussing questions of principle, not questions of practice, and
the practical limits of the precision of synchronization were not an issue.

Maybe Einstein deleted Roemer and Bradley from his mind because they were an inconvenient
truth, awkward to fit into his own way of thinking about the speed of light and the synchronization
problem. During the months of intense, feverish thinking that preceded the writing of the
relativity paper Einstein was in the grip of a mystical, intuitive, and irrational inspiration. The
historian Peter Galison described how Einstein, during an afternoon walk in the hills around
Berne, suddenly arrived at the idea that the solution of the problem of a universal speed of
light rested in the synchronization [9]. And the biographer Abraham Pais thought that perhaps
this intense inspirational experience “was so overwhelming that it seared his mind and partially
blocked out reflections and information that had been with him earlier” [10].

In the absence of Roemer and Bradley, Einstein drew the mistaken conclusion that the one-
way speed of light must be established by stipulation, that is, by fiddling with the synchronization
of clocks in such a way as to produce equal one-way speeds in opposite directions. Instead of
promulgating the universal, constant value of the one-way speed of light as a stipulation, or a
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dogma, Einstein should have treated it as simple postulate, that is, a proposed law or principle
of physics to be tested and confirmed by experiment, which is what he did, quite correctly with
the round-trip speed of light.

Einstein’s stipulation was a mistake, but it was a fruitful mistake, because it permitted him
to rush forward with the development of relativity and bypass the troublesome question of how
to obtain conclusive experimental confirmation of the universal value of the one-way speed of
light.

Here we see a crucial difference between Newton’s and Einstein’s approach to physics. Newton
declared “I make no hypotheses.” Whether that is quite true of all his work is debatable, but
at least such was his announced intention. In contrast, Einstein made hypotheses whenever he
could get away with it, and sometimes he even made hypotheses that were preempted and or
even contradicted by known experimental and observational facts. He was a dogmatist, and
he had the arrogance and stubbornness that goes with that. We see an example of this in his
stipulation about the one-way speed of light and his cavalier rejection of Roemer’s and Bradley’s
methods. We see another example in Einstein’s hypothesis of quanta of light, which he based on
Wien’s law for the blackbody spectrum, in willful and deliberate defiance of Planck’s law. By
1905, Planck’s law was experimentally well established and known to be correct, and Einstein
must have been aware that his hypothesis of thermal radiation as a gas of quanta, treated by
classical statistics, was in conflict with Planck’s law. He never mentioned this inconvenient
truth, and he insisted on a hypothesis that—until the introduction of quantum statistics twenty
years later—was in contradiction with the experimental evidence. And we see the most glaring
example of Einstein’s dogmatism in his rejection of the probabilistic interpretation of quantum
mechanics and his famous declaration that “God does not play dice.”

Newton believed, or pretended to believe, in a “bottom-up” approach to physics, based on
experimental and observational facts from which, by a process of generalization, or induction,
the laws of physics could be extracted. Einstein believed in a “top-down” approach to physics,
by inspirational formulation of hypotheses from which consequences could be derived. As John
Auping points out [11], Einstein’s method is deductive, not inductive, and this is clearly revealed
in a newspaper article Einstein wrote in 1919:

The truly great advances in our understanding of nature originated in a way almost diamet-
rically opposed to induction. The intuitive grasp of the essentials of a large ensemble of facts
leads the researcher to the formulation of one or more hypothetical fundamental laws. From
the fundamental law (system of axioms) he draws his conclusions as completely as possible in a
purely logical-deductive manner [12].

Einstein believed he had the intuitive insight to perceive the truth, and he, and only he, knew
what hypotheses to make. He had the confidence of a visionary and of a fanatic, and he did not
hesitate to go against experimental and observational facts when these did not fit his theories.

In the second section of his paper, Einstein exploits the constant one-way speed of light as the
basis for a derivation of the transformation of space and time coordinates between two inertial
reference frames. His treatment of this derivation is correct, but astoundingly clumsy. Even in
abbreviated form presented in the printed publication, the calculations go on and on for five and
a half tedious pages; and, as shown in the recent book on Kinematics by Alberto Martinez [13],
if he had spelled out all the details of his calculations, it would have taken him thirty pages
of print. The trouble was that Einstein failed to see that there is a simple physical argument
to establish that lengths transverse to the velocity will not expand or contract: if two meter
sticks in relative motion are oriented transversely, then, by symmetry of the physical situation,
a contraction of the second relative to the first requires an equal contraction of the first relative
to the second, which is contradictory, and rules out any contraction (or expansion) [14]. Today,
this argument is familiar to all students of relativity. If the transverse lengths are unchanged,
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Figure 1: Minkowsky’s derivation of the Lorentz transformation

they can be ignored, and it then suffices to examine the transformations of the time coordinate
and the longitudinal length coordinate, which makes the calculation much simpler.

How much simpler can be seen by taking a look at the derivation of the transformation
equations presented by Hermann Minkowski in a lecture to the Congress of German Natural
Scientists and Physicians in 1908. Minkowski had been one of Einstein’s math professors at the
Polytechnic in Zurich, and he had a rather poor opinion of Einstein—he called him a “lazy dog.”
When Einstein published his famous five papers in 1905, Minkowski was astounded; he said “I
really would not have believed him capable of it” [15]. Minkowski then took the invariance of
the speed of light from Einstein’s relativity paper and produced a new, graphical derivation of
the transformation equations. It consists of one simple diagram (Fig. 1), from which, in half a
minute, you can deduce the transformation equations. In fact the derivation from this diagram
is so simple that Minkowski did not even bother to spell it out in the published version of his
lecture. I imagine that at the Congress he merely drew this diagram on a blackboard and said
one or two dozen words about it. If you want to try to derive the transformation equations, here
are the two dozen words you need to know: First draw the line OA’ along the t’ axis, then the
line A’B’ tangent to the hyperbola t? — 22 = 1 at A’. The rest of the diagram is self-evident.

The difference between Einstein’s five and a half messy pages of calculations and this simple
diagram reveals the difference between a master mathematician such as Minkowski and his pupil.
But, as Einsteins achievements show, you don’t need to be a brilliant mathematician to become
a great physicist. In fact, Einstein had little mathematical talent, and he had no real interest
in mathematics. He thought in images, not in words or formulas. In an interview with a
psychologist, he said: “I rarely think in words at all. A thought comes, and I may express it in
words afterwards” [16]. In his autobiography, he excused his mathematical deficiencies saying, “I
saw that mathematics was split up into many specialties, each of which could absorb the short
lifespan granted to us.Thus I saw myself in the position of Buridan’s ass, which was unable to
decide on a particular bundle of hay” [17]. What he does not mention in this autobiography is
that throughout his life he relied heavily on friends and on assistants to do his mathematics for
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him. At the Polytechnic and for his early investigations of general relativity, he relied on his
friend Marcel Grossman, who taught him the basics of Riemannian geometry. Later, when his
career blossomed with his appointment in Berlin, he hired a personal mathematical assistant,
and in later years he always had an assistant available; these came and went, a total of ten or so
altogether, and they did all the calculations that Einstein found too tedious.

Besides improving on Einstein’s mathematical presentation, Minkowski made a crucial con-
tribution to our understanding of spacetime by recognizing that Einstein’s theory of relativity
implies a complete unification of space and time. The Lorentz transformation equations show
that what is time and what is space depends on the reference frame, and that transformations
of reference frame mix space and time. As Minkowski expressed it, “space by itself, and time
by itself are doomed to fade away into mere shadows, and only a kind of union of the two will
preserve an independent reality” [18] .

This unification of space and time also caught the attention of philosophers, and of the public,
and of poets and writers who delighted to insert esoteric references to unified space and time
in their writings. Carlos Fuentes included a well-tuned phrase of this kind in one of his books:
“Habra solo la unidad total, olvidada, sin nombre y sin hombre que la nombre: fundidos espacio
y tiempo, materia y energia” [19] (I can try to translate this, but it doesn’t quite have the same
ring in English, and it loses the charming musicality that Fuentes gave it: “There will be only
total unity, forgotten, without a name and without anyone to give it a name: space and time are
merged, and so are matter and energy”) .

Minkowski deserves credit for his perception of the unification of space and time as well
as for the unification of electric and magnetic fields, for which he invented the 16-component
electromagnetic field tensor. But we must not forget that Einstein laid the groundwork for
that, and without Einstein’s 1905 paper, Minkowski would never have arrived at a unification
of space and time. Half in serious, half in jest, Minkowsky also contributed a zany formula
relating the units of space and time, 3 x 10° km = +/—1 sec . This incorporates the speed of
light, 300000 km per sec, and it incorporates the notion that, in a purely formal way, time can
be treated as a mathematically imaginary fourth dimension of space. Minkowski called this his
mystic formula. He would undoubtedly have made many more valuable contributions to special
and to general relativity, but he died prematurely, in 1909.

Einstein was not pleased with Minkowski’s mathematical approach. He called Minkowski’s
tensor formalism “unnecessary erudition,” and said that “ever since the mathematicians have
thrown themselves on the theory of relativity I can’t understand it any more” [20]. At first he
remained stubbornly opposed to the use of tensor formalism in the treatment of relativity, and
he did not adopt the use of tensors until five or six years later, when he began to work on general
relativity.

From his transformation formulas for the coordinates of inertial reference frames, Einstein
deduced the time dilation and the length contraction: a moving clock runs slow, and a moving
body, such as a meter stick, is contracted. He suggested that this implies that a clock on the
equator of the Earth, moving with the Earth’s rotation, will tick slower than a clock at the pole.
This was an unfortunate choice of example, because the gravitational time dilation of the clock
at the pole, which Einstein was to discover a few years later, actually compensates for the time
dilation of the clock located at the equator. But Einstein must be given credit for taking the time
dilation of moving clocks seriously, whereas Lorentz, who had deduced the same transformation
laws a year earlier, attached no real physical significance to the change of clock rates implied by
his transformation equations.

In his deduction of time dilation and length contraction Einstein commits a serious sin of
omission: he never gives us any physical explanation of time dilation and length contraction. He
treats these as purely abstract, mathematical consequences of the Lorentz transformations. The
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latter, in turn, are consequences of the requirement of a constant, universal speed of light in all
reference frames. This creates the impression of a teleological approach to physics: Are we to
believe that clocks run slow and meter sticks contract because they want to keep the speed of
light constant?

For nonphysicists, these weird, counterintuitive effects of relativity proved an unsurmountable
obstacle, because Einstein asks us to believe these effects without giving us any mechanical, intu-
itive explanation. Even physicists supportive of relativity, such as Arnold Sommerfeld, found this
a bit much too much to swallow. After reading Einstein’s derivations, Sommerfeld complained
to Lorentz: “As ingenious as they are, it seems to me that there is something almost unhealthy
in their nonconstructive and unvisualizable dogmatics. An Englishman would hardly have put
forth such a theory... I hope you will be able to breathe some life into this ingenious conceptual
framework” [21].

The fact is that both time dilation and length contraction have simple physical explanations in
terms of the laws of mechanics and electrodynamics (although we really need quantum mechanics
for the analysis of the oscillations and sizes of atoms). It is not at all difficult to prove from
the laws of relativistic dynamics that clocks, such as atomic clocks, slow down, and solid bodies,
such as crystal lattices, contract when moving at high speed [22].

The other surprise in the Lorentz transformations is the relativity of synchronization—but
even that has a simple explanation in term of clock transport [23]. Clocks in a moving reference
frame are desynchronized relative to our, stationary, reference frame, because slow clock transport
in the moving reference frame is not slow in our reference frame, and the extra time dilation
accumulated by the transported clock leads to a breakdown of synchronization from the viewpoint
of our reference frame. A simple calculation confirms that the transport process accumulates the
correct time delay: Suppose that one clock remains at the origin of the moving reference frame
and therefore moves at constant speed V', and the other clock is slowly transported with speed
V + 0V until it is separated from the origin by a displacement Az (measured in our reference
frame). If this process takes a time At, the two clocks will display a time difference

2 2
1o — = TV V@A — T V@At~ L OVAN/E  —VAz/e )
Ji-vi@ I vie

Thus, after the transport is completed, at any given instant of ¢ time, the transported clock
displays a time shift At = —(VAx/c?)/\/1 — V?2/c? relative to the clock at the origin, which
agrees exactly with the time shift calculated from the Lorentz transformation equation for ¢’ .

What these physical explanations of the length contraction and time dilation tell us is that
there is nothing magical or teleological about the Lorentz transformations. The Minkowski metric
indicates a new geometry for spacetime, but this geometry is not produced by magic, but by
the laws of physics. It is not some kind of abstract construct contrived to keep the speed of
light constant, as Einstein would have us believe. Poincare once confronted Einstein at one of
the Solvay Conferences and demanded to know what mechanics Einstein was using to reach his
conclusions about time dilation and length contraction. Einstein dismissed the question; he said
“no mechanics” [24]. Poincaré couldn’t believe that a physicist would say something like that,
and he didn’t bother to reply.

After dealing with the time dilation and the length contraction, Einstein’s 1905 paper deals
with the transformation formulas for electric and magnetic fields, transformation formulas for
energy in e.m. waves, aberration, and Doppler shift. The results for electric and magnetic fields
had already been obtained by Lorentz, a year earlier; the other results were new.

And then, in the final section of his paper, Einstein formulates new, relativistic equations
of motion for a moving charge—called an electron—being accelerated by electric and magnetic
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fields. He correctly calculates the so-called longitudinal mass which indicates the effective inertial
resistance for acceleration in a direction parallel to the velocity. But he makes a bad mistake in
the “transverse mass,” for acceleration in a direction perpendicular to the velocity, for which he
obtains the mistaken formula

Transverse mass = ——— (2)

1—v2/c?

Not all of Einstein’s mistakes were fruitful, and this was simply a silly mistake, of no redeeming
artistic value. In a footnote added years later to a reprint of his paper, Einstein sheepishly
admitted that this mistake was not “advantageous.” What makes this mistake all the more
surprising is that the expressions for transverse and longitudinal mass were well known in the
physics literature. Lorentz had used them in his paper on relativistic electrodynamics a year
earlier, where he expressed the mass of the electron in terms of its electrostatic self energy and
stated the correct velocity dependence for the transverse mass [25],

e2

1
M2 = 67TC2R1/1—U2/62

But Einstein had failed to notice Lorentz’s paper.

Einstein’s mistake was immediately spotted by Max Planck, who read Einstein’s paper
soon after it was published (maybe even before it was published, because Planck was editor
of Annalen der Physik, where had Einstein sent his paper for publication). Planck thought Ein-
stein’s paper very impressive, and he sympathized with the top-down approach, perhaps because
in his own work on quantization of black-body radiation he had taken the same top-down ap-
proach—he had postulated the quantization of energy and deduced the radiation law, just as
Einstein had assumed a universal speed of light and deduced the Lorentz transformations and
their consequences. Einstein’s adoption of the speed of light as a universal constant also pleased
Planck, who was very interested in universal constants and their role in physics.

Planck then proceeded to remodel and correct Einstein’s treatment of dynamics. With an el-
egant Lagrangian formulation of relativistic mechanics, Planck recalculated Einstein’s transverse
mass, and he found and published the correct formula for the transverse mass [26]. Unfortu-
nately, today hardly anybody remembers this contribution of Planck to relativity—it was the
first of many papers on relativity by authors other than Einstein to appear after 1905.

3)

3 EQUIVALENCE PRINCIPLE AND REDSHIFT

I now will turn to general relativity and dissect the main mistakes in Einstein’s development of
general relativity. Like the development of special relativity, Einstein’s development of general
relativity rests on several great mistakes. These mistakes served him as stepping stones to his
final wonderful discovery of curved spacetime.

For Einstein, the key to general relativity was the principle of equivalence of acceleration and
gravitation which he discovered in 1907. As he later described it in a lecture at Kyoto University:
“I was sitting in my chair at the patent office at Berne. Suddenly I had an idea: when a person is
in free fall, he does not feel his own weight. I was amazed. This simple thought experiment made
a deep impression on me. It led me to a theory of gravitation” [27]. His sister Maja claimed that
what triggered Einstein’s sudden idea was the fatal accident of a roofer who slipped from one
of the roofs near Einstein’s apartment. That story sounds too good to be true, but the roofs of
Berne are old and slippery, and unfortunate accidents are plausible.
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Einstein saw in this equivalence principle a relativity of acceleration. He thought that physi-
cists placed in an accelerated reference frame cannot be sure whether the effects they feel and
observe are due to the pseudoforces associated with the acceleration or to the presence of a
constant gravitational field. As he described it in one of his lectures, imagine that two physicists
wake up from a drugged sleep and find themselves in a closed box, in which they observe that
bodies released in midair fall to the floor with a universal acceleration g. What can the physicists
conclude from this? One of them concludes that the box sits on the surface of a planet, whose
gravitational attraction produces the acceleration g. The other concludes that the box is nowhere
near any planet, and is instead being accelerated by some external propulsion mechanism. And
Einstein asks, “Is there any criterion by which the two physicists can decide who is right?” and
he answers, “We know of no such criterion” [28].

With the wisdom of a hundred years of hindsight, I can give you several such criteria. One
obvious violation of the equivalence of acceleration and gravitation is found in the tidal forces
generated by gravitational fields, which are absent in a (linearly) accelerated reference frame.
These tidal forces arise from gradients in the gravitational field. In Newtonian gravitation these
gradients can be zero only under exceptional circumstances; in Einstein’s theory of general rel-
ativity, they can never be zero (they correspond to the components of the Riemann tensor,
some of which must be different from zero if the spacetime is curved). It might be argued that
such tidal forces become small and insignificant when the region accessible to the experimenter
is made extremely small, but even in very a small region, tidal effects remain observable with
sensitive equipment. For example, the GOCE satellite of the European Space Agency, in orbit
and in free fall, makes high-precision measurements of the tidal gravitational field of the Earth
with a differential-accelerometer only a few cm across. In fact, the GOCE satellite measures
components of the Riemann tensor (Rf,,) that is, it measures the curvature of spacetime.

Another example is provided by the Stanford Gravity Probe B experiment completed in 2004~
2006, which used gyroscopes in a satellite orbiting the Earth to detect the precession caused
by a general-relativistic coupling between the spins of the gyroscopes and the Earth. In this
experiment, Francis Everitt and his fellow experimenters had to go to extraordinary lengths to
avoid interference from tidal forces. They had to manufacture their gyroscopes as perfectly round
spheres, to within £107%c¢m . Even a small deviation from roundness would have permitted the
tidal forces to exert torques on the gyroscopes and generate a much larger precession than what
the experimenters were looking for, so this experiment would have detected tidal forces rather
than spin-spin coupling. Note that the tidal-torque precession is independent of the size of the
gyroscopes. We cannot eliminate the tidal-torque precession by using smaller gyroscopes—other
things being equal, the precession rate depends on the shape of the gyro, but not on the size.

Besides the obvious troubles with tidal effects, the equivalence principle has a fundamental
inability to deal correctly with the propagation of light—the principle works, more or less, for
slow-moving particles, but it mishandles fast-moving particles and light, unless we adopt curved
spacetime. For instance, we might try to calculate the deflection of light in a gravitational
field by beginning with the deflection that occurs in an accelerating elevator. Obviously, in
such an elevator, a ray of light moving from one side to the other will deflect downward by
some amount relative to the elevator. But, quantitatively, the calculated amount is wrong—the
deflection calculated in the elevator is only half as large as the actual result in a gravitational field
calculated from Einstein’s general relativity (this is the infamous factor of two by which Einstein’s
first deflection calculations differed from his final result). Thus, the equivalence principle fails
by a factor of two, and not because of any tidal effect.

The equivalence principle is capricious and unreliable. The equivalence principle works when
it works and doesn’t when it doesn’t—you have to apply it with caution. Some violations of
the principle of equivalence were already mentioned by Arthur Eddington in 1923 in his The
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Figure 2: An elevator accelerating upward with two clocks for testing the frequency shift of a
lightwave traveling a distance h from floor to ceiling.

Mathematical Theory of Relativity, the first textbook on general relativity. Eddington gave a
dismissive opinion about the equivalence principle:

"1t is essentially a hypothesis to be tested by experiment as opportunity offers. Moreover, it is
to be regarded as a suggestion, rather than a dogma admitting no exceptions. Clearly there must
be some phenomena. ..which discriminate between a flat world and a curved world; otherwise
we could have no knowledge of world curvature. For these the Principle of Equivalence breaks
down... The Principle of Equivalence offers a suggestion for trial, which may be expected to
succeed sometimes, and fail sometimes” [29].

Unaware of these troubles, in 1911 Einstein applied the equivalence principle to a Gedanken-
experiment involving a perfectly uniform gravitational field, in which tidal effects are not an issue.
[30] He considered a light source located on the surface of the Earth or some other gravitating
body, and asked what happens to the frequency of a light wave emitted upward. To find out,
he replaced the gravitational field by a reference frame accelerating upward and examined the
propagation of light in this reference frame. This Gedankenexperiment is known to all students
of relativity, and the accelerating reference frame is usually visualized as an elevator (see Fig.
2). While the light wave travels from the floor to the ceiling, the upward acceleration of the
elevator increases the speed of the clock at the ceiling relative to the initial speed of the clock
at the floor by about gh/c where g the acceleration of the elevator (equal to the acceleration of
gravity the elevator is intended to mimic), h its height, and ¢ the speed of the light wave. Upon
arrival at the ceiling, the light wave will then suffer a Doppler shift Av = —(gh/c?)v . Relying
on the equivalence principle, Einstein therefore concluded that a light wave propagating upward
in a gravitational field should suffer the same frequency shift. This is the gravitational redshift,
also called the gravitational time dilation, because we interpret it as a slowing of clocks in a
gravitational field. As a corollary of this gravitational time dilation, Einstein concluded that the
speed of light is lower in a gravitational field and that light rays suffer a deflection when passing
near a mass.
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There is something puzzling about this deduction of the gravitational redshift. The calcula-
tion relies on what seems to be no more than simple Newtonian physics, that is, the Doppler-shift
formula and the equivalence of gravitational and inertial effects, both of which seem innocuous
and trivial. In Newtonian physics, it is immediately evident that a constant gravitational field
can be replaced by an accelerated reference frame; the gravitational force in the former is iden-
tical to the acceleration pseudoforce in the latter. And yet something is fishy about Einstein’s
calculation, because, according to Newtonian physics, in a static gravitational field, a propagat-
ing light wave cannot acquire a frequency shift, not even if the speed of the wave is somehow
altered by the gravitational potential. An alteration of speed would mean that the gravitational
field behaves like an optical medium with a position-dependent index of refraction—in such a
medium the wavelength of a light wave changes, but the frequency remains constant. This is
why we have to interpret the gravitational redshift as a time dilation of the clocks, rather than
as an inherent frequency change of the propagating wave. But nowhere in his calculation does
Finstein seem to introduce anything about any time dilation, so why does a time dilation of
clocks emerge in the end, as if by a trick of magic? Where does Einstein trick us?

The answer to this puzzle is that Einstein actually introduced the special-relativistic time dila-
tion implicitly, by a sleight of hand. He used a mixture of Newtonian and relativistic physics—he
took the equivalence principle from Newtonian physics and he took the postulate of a constant,
universal speed of light from relativistic physics. He assumed that each wave pulse emitted
from the floor of the elevator has the same speed as the preceding pulse, whereas in Newtonian
physics we would have to assume that the wave is carried along by the medium in the elevator,
and that the wave speed is constant relative to the floor, but increases relative to the inertial
reference frame within which the elevator accelerates. The constant speed of light hinges on
the special-relativistic time dilation of clocks or, more precisely, it hinges on the relativity of
synchronization, which is a consequence of this time dilation (as shown by the clock-transport
argument in part I of this lecture).

We can understand the crucial role of relativistic physics in the derivation of the redshift
more clearly if we replace the light wave by a sound wave or by an evenly-spaced sequence of BB
pellets fired from a BB gun. Each pulse of sound or each BB pellet has the same speed relative
to the elevator, but between emission of one pulse and the next, the elevator increases its speed,
and therefore, relative to the inertial reference frame within which the elevator accelerates, each
pulse of sound or each BB has a slightly higher speed than the preceding one. By taking into
account the Newtonian addition law for velocities, we then readily find that the frequency shift
is reduced to zero—there is no frequency shift at all [31]. And, by the equivalence principle, we
would then conclude that there is no frequency shift for a sequence of sound or pellet signals in
a gravitational field.

This makes it clear that to obtain a redshift we need to consider relativistic corrections to
the Newtonian calculation (if we need more prompting, the factor 1/c? of in Einstein’s redshift
formula actually gives us a strong clue that relativistic effects play a role). And, indeed, if instead
of the Newtonian addition law for velocity, we use the special-relativistic velocity-addition law,
then the Gedankenexperiment with sound pulses or BB pellets yields the expected redshift,
exactly as in Einstein’s calculation with light waves. For the sake of simplicity, let’s assume that
the speed u of the sound pulses or BB pellets is much larger than the increment of speed of the
elevator during the travel time of the signal. The first pulse is launched at time ¢ = 0 and reaches
the ceiling at time ¢; ~ h/u [32]. The next pulse is launched at time ¢ = A7 and reaches the
ceiling at time to = A1 + h/(uw' — gA7) where is the speed of the elevator at launch and is the
pulse speed relative to our original reference frame, according to the relativistic combination law
for velocities, u' = (u+ gA7)/(1 + ugAri/c?) [33]. Ignoring terms of order g2, we then find
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The time difference between the arrivals times of the two pulses is therefore

h
Ay =19 —t1 = (1 + %)A'rl (5)

This redshift formula for the pulse periods agrees with Einstein’s redshift formula for the fre-
quencies.

The preceding calculation establishes an important point about the derivation of the grav-
itational redshift: it arises from an inconsistent mix of Newtonian physics for the equivalence
principle and the relativistic addition law for velocity, applied either to light or to sound pulses
or pellets, or any other signaling method. The gravitational redshift cannot be derived from
purely Newtonian physics [34].

Nor can the gravitational redshift be derived from purely relativistic physics. Although
relativistic physics yields the desired expression for the redshift in the accelerating elevator,
this leaves a gap in the derivation—in relativistic physics the equivalence principle cannot be
deduced from the laws of mechanics, as it can in Newtonian physics. The trouble is that the
relativistic generalization of the gravitational force always includes a dependence on the particle
velocity, which leads to different accelerations for particles of different velocities. For instance,
Lev Okun found that the simplest relativistic generalization of the gravitational force has a
strong dependence on the direction of the velocity [35]. For an ultrarelativistic particle moving
in a tangential direction, the force has a component in the radial direction and also a component
in the tangential direction, whereas for a low-speed particle the force is, of course, purely radial.
This discrepancy indicates that the equivalence principle is not valid.

More generally, it is easy to prove that the equivalence principle can never be valid in a
relativistic theory of gravitation in flat spacetime. The proof is by contradiction. Suppose
the equivalence principle is valid, so all particles have the same gravitational acceleration at
any given point, and light propagates with its standard speed relative to these freely falling
particles. Then the redshift found in an accelerated reference frame requires a corresponding
redshift in a gravitational field, which tells us that clocks in a gravitational field run slow.
Furthermore, the equivalence principle tells us that the local speed of light has its standard value
co = 2.99... x 10'° em/s when measured by the local, slow, clocks. Following Einstein, we can
then conclude that the speed of light must be lower than ¢y when measured by “normal” clocks,
that is, the speed of light must decrease in a gravitational field. This leads to a contradiction
when we consider an ultrarelativistic particle, of initial speed almost equal to ¢ falling radially
downward in the gravitational field of a mass, into regions of stronger and stronger fields. Since
this particle must obey the decreasing speed limit set by the speed of light, the particle must
decelerate, whereas the equivalence principle demands that the particle must accelerate, like a
slow-moving particle. This logical contradiction proves that the equivalence principle cannot be
valid.

And this raises a troublesome question: Did Einstein fail to notice the logical contradiction
between his equivalence principle and the decreased speed of light? Or did he notice, but preferred
to keep silent? If Einstein’s nondisclosure of the conflict between his picture of a gas of quanta
and Planck’s law provides a precedent, is would seem that sometimes he preferred to remain
silent.

General relativity sidesteps this contradiction in the equivalence principle by exploiting curved
spacetime. The distinction between locally measured distances and times in the curved space-
time vs. coordinate distances and times permits us to have a constant local speed of light and
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nevertheless a decreasing coordinate speed—we can have our cake and eat it too. Thus, the
equivalence principle (except for tidal forces) is consistent with general relativity and curved
spacetime, though not with special relativity and flat spacetime [36] .

Can anything be salvaged from the ruins of Einstein’s derivation of the gravitational redshift
via the equivalence principle? We cannot salvage a quantitative, exact result for the redshift,
but we can salvage a qualitative, order-of-magnitude result. Einstein was not entitled to assume
that the equivalence principle applies to light or to fast-moving particles—he had no evidence
for that, and, as shown above, any attempt to stipulate that the equivalence principle is valid
for fast-moving particles leads to a contradiction. He was entitled to assume that it applies ap-
proximately to slow-moving particles, but, because of the essential role of relativistic corrections
in the derivation of the redshift in an accelerating reference frame, he should have anticipated
the possible existence of similar small relativistic corrections in the equivalence principle, which
might increase or decrease the redshift. Thus, at most, Einstein could legitimately claim that
the gravitational redshift is of the order of magnitude Av = —(gh/c?)v . The sign of the redshift
wouldhave been left undetermined by such an order-of-magnitude estimate, so Einstein could
not have been sure whether light slows down or speeds up in a gravitational field.

The absence of a legitimate derivation of the redshift from the equivalence principle weakens
the physical motivation that Einstein sought to give his theory of gravitation. But this would still
have left him with enough clues to pursue the development of gravitational theory by the same
path he followed from 1911 onward, although he would have had to admit that his calculation of
the redshift and his subsequent calculation of the deflection of light were only order-of-magnitude
estimates. Since his first calculation of the deflection was actually in error by a factor of two, this
would not have made much difference to the historical developments that led to the first, failed,
German attempt at a measurement of the light deflection in 1912 and, later, to the successful
British attempt in 1919.

Of course, the defects in Einstein’s derivation of the redshift do not mean that his formula for
the gravitational redshift is wrong—these defects merely mean that the formula cannot be derived
by the seductively simple argument proposed by Einstein in 1911, an argument uncritically
imitated in just about every textbook on relativistic gravitation, introductory or advanced [38].

The inconsistent mix of Newtonian and relativistic physics that Einstein used in his deriva-
tions of the gravitational redshift was one of his great mistakes. Einstein was as obsessive and
dogmatic about the equivalence principle as he was about his stipulation for the one-way speed
of light, and he failed to see that the equivalence principle is self-evident only when it involves
no more than the equality of rates of free fall of small test masses with low speeds, that is, when
it reduces merely to the equality of gravitational and inertial masses.

Years ago, the Irish physicist J. L. Synge said “The Principle of Equivalence performed the
essential office of midwife at the birth of general relativity,” and he added, “ I suggest that the
midwife be now buried with appropriate honours and the facts of absolute space-time be faced”
[39], by which Synge really meant the facts of absolute curved spacetime. I think Synge was right,
and it would be best to forget about the equivalence principle, except in a historical context.
Late in his life Einstein said about Mach’s principle “Actually, one should no longer speak of
Mach’s principle at all” [40]. We can say the same about the equivalence principle.

4 GENERAL RELATIVITY

As used by Einstein in the derivation of the redshift, the equivalence principle was a mistake, but
it was his greatest and most wonderful mistake, and it led him to his greatest, most wonderful
discovery—curved spacetime. We now understand that the time dilation actually implies that
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spacetime is curved—the time part of space-time is “shorter” in a gravitational field than outside
of the field. We can have a redshift in a static gravitational field only if we have a curved
spacetime. But when Einstein published his paper on the equivalence principle in 1911, he did
not yet understand that. He was aware that his redshift result means that clocks at a deeper
gravitational potential run slower, but he vaguely speculated that that this arose, somehow, from
a reduced speed of light—he was not yet ready to imagine a curved spacetime. As Emilio Segré
liked to say, “When the mind is not prepared, the eye does not recognize” [41].

Einstein finally reached the conclusion that spacetime must be curved in 1912, by a different
path. In the spring of that year, while still at the University of Prague, he published a paper
[42] exploring his idea that the speed of light in a gravitational field is slower by an amount
depending on the gravitational potential, ¢ = (1 + ®/c3) x co. He had deduced this expression
from the gravitational time dilation, by assuming that the speed has the standard value ¢y =
2.99...x10'% ¢m /s when measured by the local, slow, clocks and is therefore lower when measured
by “normal” clocks (his expression for the speed is actually wrong; the actual dependence of the
speed of light on the potential is twice as strong, that is, a factor of 2 is missing). At the end of this
paper, in a short appendix added at the last moment in the proofs, he draws attention to a curious
fact about the equation of motion of a particle that he had derived from his relationship between
the speed of light and the gravitational potential: the equation of motion can be expressed by a
principle of extremum action, involving the variable speed of light,

5/ \/(1 + ®/ck)Edt? — da? — dy? — dz2 =0 (6)

This equation coincides precisely with the equation for a geodesic in a curved spacetime, with
a metric tensor goo = (1 + ®/c2) [43]. The last sentence of the appendix Einstein says that he
suspects that his equation has a much deeper meaning and that it reveals how the equations of
motion are to be constructed in general.

Here Einstein fell just short of recognizing that his equation is a geodesic equation, but
this revelation came to him soon thereafter. He remembered that he had seen such equations
for the extremum length of geodesics in some lectures on curved spaces he had attended at
the Polytechnic. This gave him the missing link, and Einstein suddenly saw the real meaning
of gravitation: there are no gravitational forces; there is only a curved spacetime in which
particles move on the straightest possible wordlines. As he later reported in his Kyoto lecture:
“...I suddenly realized that Gauss’s theory of [curved] surfaces holds the key for unlocking this
mystery. I suddenly remembered that Gauss’s theory was contained in the geometry course
given by Geiser when I was a student. I realized the foundations of geometry have physical
significance” [44].

And from that time on he relentlessly pursued the goal of a geometrical theory of gravitation.
Years later, after his success with general relativity brought him worldwide fame, one of his
Zurich friends told him he had found the certainty of Einstein’s convictions about gravitation
almost frightening: “Your confidence , the confidence of your thinking, ..., at the time you
when were with us, is for me a tremendous psychological experience. You were so certain, that
your certainty had for me an overwhelming effect” [45]. This absolute certainty in Einstein’s
convictions is also revealed by the famous comment he made to a student when he received the
first reports of the observational confirmation of his prediction for the deflection of light. He
said: “I always knew the theory was right.” The student asked him, What if the measurements
had contradicted your theory? And Einstein gave the grand reply: “Then I would have felt sorry
for the Dear Lord. My theory is right anyway” [46].

Einstein’s path from his introduction of curved spacetime in 1912 to his final theory of
general relativity in 1915 was a lengthy and arduous effort. Einstein had little knowledge of the
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mathematics of curved spaces; there were few books from which he could learn this material,
and those that were available were written in the usual impenetrable jargon of mathematicians,
and with awkward notation. He begged for help from his friend Marcel Grossmann: “Grossmann
you must help me or I'll go crazy” [47]. But even Grossmann was not sufficiently familiar with
Riemannian geometry and did not understand the critical relationship between the differential
identities of the Riemann tensor and the conservation laws in the equations that he and Einstein
tried to construct. This led to a series of proposals for theories that all had to be quickly
abandoned. As Einstein himself admitted later: “The series of my publications on gravity is a
chain of wrong turns” [48]. Planck advised Einstein to give up the attempt, “As an older friend,”
he said, “I must advise against it...In the first place you won’t succeed; and even if you succeed,
nobody will believe you” [49].

In the end, in 1915, Einstein succeeded brilliantly. And in the next year, he published a
long and careful exposition of his theory in Annalen der Physik in 1916. The paper consists of
an introduction that tries to lay the physical foundation for the theory, followed by a careful
exposition of the essential aspects of Riemannian geometry, then the new field equations for the
gravitational field, and finally applications to light deflection and the perihelion precession of
Mercury.

Oddly, the discussion of the physical foundations of the theory does not mention the 1912
argument that initially led him to the idea of a curved spacetime. And, equally oddly, this
argument has been rarely used in later textbooks on general relativity. The exception is an
early book of by Tullio Levi-Civita (1923), an Italian mathematician and expert on Riemannian
geometry, who gave a simple argument based on that of Einstein, but leading directly from the
Newtonian potential to curved spacetime [50]. Levi-Civita simply wrote the extremum principle
for a particle moving in a Newtonian gravitational field as

5/02(1—v2/2c2+<1>/c2)dt:0 (7)

where the integrand differs from the usual Lagrangian for motion in a gravitational field only by
an irrelevant minus sign and factor of ¢?. Taking advantage of the small magnitude of velocity
and Newtonian potential compared with ¢, he rewrote this approximately as

6/02\/(1 T3 38 dt — (5/02\/(1 ~ 3%/ — AP = 0 (8)

which is essentially the same as Einstein’s extremum principle, and corresponds to motion in a
curved spacetime geometry, with a metric tensor whose 00 component depends on the Newtonian
potential, and therefore depends on space (this is always a curved spacetime geometry, except
when goo @ 22 ).

In his 1916 paper, Einstein does not use the straightforward and conclusive argument of
1912. Instead, he tries to use the equivalence principle. He considers a rotating turntable,
like a Merry-go-round, and he claims that the geometry of this turntable is a curved space,
because meter sticks laid along the circumference contract by the usual length contraction of
special relativity, whereas meter sticks laid along the radius do not. This makes the ratio of the
measured circumference larger than the measured radius, that is, circumference > 27r . But
this is simply a misconception: the meter sticks at different locations around the circumference
are instantaneously in different inertial reference frames, and it is evidently incorrect to add
lengths measured in such different reference frames. The apparent curved geometry is an artifact
resulting from a bad choice of measurement procedure. If we use meter sticks at rest, floating
just above the circumference of the turntable, we will of course find that the geometry is flat.
The transformation from coordinates at rest to coordinates in rotation is merely a coordinate
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transformation, which cannot change the geometry, that is, the curvature tensor is zero, no
matter what coordinate system we use to calculate it.

But Einstein, and quite a few of his followers, accepted this Merry-go-round argument and
concluded that the centripetal acceleration of the turntable produces a curved geometry, and if
so, by the equivalence principle, the gravitational field of a mass should also produce a curved
geometry. Einstein would have done better to motivate the curved spacetime geometry by the
extremum principle that first gave him the key to curved spacetime in 1912. Or he could have
used the gravitational time dilation that he had extracted from his elevator Gedankenexperiment.

Einstein called his theory “general relativity” for two reasons: he thought that the behavior
of physical systems in an accelerated reference frame is indistinguishable from their behavior in
an unaccelerated reference frame placed in a gravitational field; and he thought that by writing
the equations of physics in a form that was valid in all conceivable coordinate systems he was
giving them some kind of new relativity, more general than the relativity of the special theory.
He called this the covariance principle of the equations of physics. The first of these reasons was
an outright mistake—acceleration and gravity can be distinguished by suitable experiments, as
I have already pointed out. And the second of these reasons reflects a misconception about the
meaning of relativity. Validity of all laws of physics in all coordinate systems is not a principle
of relativity—it is a triviality. It’s like saying that an elephant remains an elephant when you
express its height in meters instead of centimeters. The mathematician Erich Kretschmann soon
pointed out to Einstein that, of course, all laws of physics can be expressed in all conceivable
coordinates, even Newton’s laws can be expressed in all coordinates, although they then look
very messy (for instance, in rotating coordinates, they acquire centrifugal and Coriolis terms).

The real meaning of Einstein’s covariance principle was hidden in a tacit assumption that
FEinstein failed to state, but took for granted: not only can the laws of physics be expressed
in all conceivable coordinates, but when you express the laws in the special coordinates that
correspond to a local geodesic reference frame —that is, a freely falling reference frame [51]
—at and near one point, then the laws reduce to those of special relativity. The real content
of Einstein’s covariance principle lies in this added condition. Obviously, the added condition
imposes severe restrictions on how matter can and cannot couple to the gravitational field; in
fact, it completely determines the details of these couplings.

The added condition makes Einstein’s covariance principle into a principle of gauge invariance,
analogous to the gauge invariance of electrodynamics. I don’t want to burden you with the
mathematics of gauge invariance, but here is a simple physical explanation. Suppose we place
a small Faraday cage at some point in an electric field. Then in the interior of the cage, the
electric field will be reduced to zero, but the electric potential associated with the external
electric field will remain different from zero. However, any experiment we perform inside the
cage will be totally uncoupled from the external electric field, and will be totally unaffected by
the potential. The potential in the cage is different from zero, but it is merely a physically
irrelevant additive constant—this is the principle of gauge invariance for the potential. (It has
among its consequences the conservation of electric charge, as shown by a neat, elementary,
argument of Wigner’s [52].

In a completely analogous manner, suppose we consider a small laboratory in free fall in
a gravitational field. The laboratory plays the role of a Faraday cage for gravitation. Within
the laboratory, the gravitational field disappears (more or less), and there only remains the
gravitational potential—or, more precisely, the metric tensor that plays the role of potential in
FEinstein’s theory. Einstein’s covariance principle, with the additional tacit assumption included,
tells us that the laws of physics in the freely falling laboratory are the same as those of special
relativity, and therefore any experiment we perform in the laboratory will be uncoupled from the
external gravitational field, and will be totally unaffected by the gravitational potential. Thus,
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the covariance principle is a principle of gauge invariance. In essence, this invariance principle
can be regarded as a general mathematical implementation of the equivalence principle, for all
particles (whether fast-moving or slow-moving), for light, and for all the laws of physics [53].

The modern view of covariance is somewhat broader and permits theories of gravitation that
go beyond Einstein’s. Instead of insisting that the laws of physics in a freely falling reference
frame are exactly those of special relativity, we are today willing to accept that they differ
by terms involving the Riemann tensor, that is, we regard nonminimal couplings as consistent
with covariance. Some of the theories to be presented at our conference rely on this broader
interpretation of covariance. Vladimir Fock, a Soviet expert on relativity, severely criticized
Einstein for calling his theory general relativity; he claimed that in general relativity there can
be no relativity, and said “However paradoxical it may seem, Einstein himself... showed such a
lack of understanding when he named his theory” [54]. John Wheeler proposed to replace the
name of the theory by “geometrodynamics,” in analogy with electrodynamics. But the name
general relativity has stuck, and nothing can now be done about that. It is probably best to
ignore this unfortunate choice of name and remember that many parents give totally silly names
to their offspring—and custom grants them the right to do so.

The gauge invariance arising from the principle of covariance has broad physical consequences:
it implies conservation laws for energy momentum and other “conservation” laws, and in Ein-
stein’s theory it implies the exact equality of inertial mass and gravitational mass, even for
systems that contain substantial amounts of gravitational self-energy [55] . The gauge invari-
ance of Einstein’s theory also compels gravitational waves to have spin 2, and only spin 2. I
regard this as the most fundamental physical consequence of covariance. And the argument can
be turned around: if we assume that the carrier of gravitational interactions is a spin-2 field,
without any spin 1 or spin 0 components, then it must be a tensor field with gauge invariance,
and from this we can conclude that the field equations must have covariance and must coincide
with the Einstein equations. If Einstein had not discovered his theory in 1915, it would have
been discovered sometime around 1930, when gauge transformations and their implications for
the spin content of fields came to be understood.

It is ironical that in his mathematical calculations with his field equations in the 1916 paper,
FEinstein proceeded without general covariance. Although he repeatedly affirmed the general
covariance principle, he found it inconvenient to adhere to this principle, and he wrote his
equations in a form that is not generally covariant. Today we write these equations in the form
R, — %ng = —8wG1T),, and we call them the “Einstein’s equations,” but Einstein didn’t write
them that way. Instead, he adopted the condition \/—¢g = 1 and wrote his equations in a more
convenient, simplified form %, /0o + 1000, = —# (T — 59, T) - But this form of the field
equations is not generally covariant, because it is not generally true that v/—¢g = 1. It’s a case
of Do as I say but don’t do as I do.

Actually, the equations R, — %ng = —8mGT), were first obtained by David Hilbert, the
well-known Gottingen mathematician. And what is more, he announced these equations in a
lecture at Gottingen a few days before Einstein. But he then made the mistake of setting R = 0,
because he was interested only in the gravitational fields associated with electric and magnetic
fields. By this mistake, Hilbert left the resurrection of this term to Einstein, a few days later.
John Auping has aptly called these alternating forward and backward steps in the approach to the
field equations the pas de deux of Einstein and Hilbert [56]. This erratic historical development
brings to mind the words that Kepler used about his own road to discovery, “the roads that lead
man to knowledge are as wondrous as that knowledge itself” [57].

From a broader perspective, we can see that Einstein’s 1916 paper on general relativity suffers
from much the same problems as his 1905 paper on special relativity. The physical foundations
are shaky and riddled with mistakes, but by his amazing intuition, Einstein arrives at correct,
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or almost correct, final results despite of that. He somehow managed to find his way through
the fog of his own confusion and reach his goal despite his mistakes.

The crucial mistakes in both papers were based on sudden, inspirational ideas, to which
Einstein took an obsessive liking, and which he elevated into dogmas. These were big mistakes,
but they also were wonderful mistakes that led Einstein to astounding discoveries. We can say of
Einstein what Arthur Koestler said of Kepler: “The measure of Kepler’s genius is the intensity
of his contradictions, and the use he made of them” [56]. To which I will add, To err is human,
and to err greatly is divine. .. at least sometimes.
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Abstract. The historical origin of the idea of the apparently missing matter, later labeled as dark
matter, is shown to be the use of Newtonian mathematics in trying to explain the rotation velocity of
stars in spiral galaxies and galaxies in galaxy clusters. Much attention is paid to Thieu and
Cooperstock, who, in using relativistic dynamics, have shown that dark matter can be disposed of
as a myth. Dark energy is shown to be an artifact originally hypothesized to explain the apparent
recent acceleration of the expansion velocity of the Universe. This apparent acceleration is shown
to be an optical illusion that can be disposed of as a myth, once Einstein’s gravitational theory is
taken seriously. Much attention is paid to Buchert’'s and Wiltshire’s work on explaining the apparent
acceleration of the expansion velocity of the Universe without dark energy.

Keywords: dark matter, dark energy, rotation velocity of galaxies and galaxy clusters, expansion
velocity of the Universe, Newtonian gravitational dynamics, relativistic gravitational dynamics.

Contents
Part 1.- Origin of the speculation on non-baryonic dark matter.............cccccomniriiiinnniinnsenenn, 36
1.1.- Dark matter in spiral QalaXies...........ccooiiiiii i 36
1.2.- Dark matter in galaxy CIUSTEIS..... ..o e e e e e e e 41
1.3.- The Press-Schechter theorem and dark matter...........ccoccviviii e, 43
1.4.- The location of dark Matter.............ooo i 44
Part 2.- Cooperstock & Tieu’s relativistic approach to galacxy gravitational dynamics................ 47
Part 3.- Brownstein & Moffat’s relativistic approach to gravitational galaxy dynamics................ 55
Part 4.- Relativistic dynamics of galaxy clusters without cold dark matter............cccccccnicinerernnnns 58
4.1.- Cooperstock & Tieu1.5.- Modified Newtonian DynamicCs............cccoceiiiiiiieiniiene e 58
4.2.- Brownstein & Moffat1.5.- Modified Newtonian DynamicCs............cccccoeiriiieieiniiene e 62
Part 5.- Concluding remarks from the point of view of philosophy of science..............cccceciiiieees 66
Part 6.- The origin of the speculation on dark energy...........ccceiniiimrniii 68
6.1.- Dark energy and the acceleration of the expansion of the Universe.............ccccooociininnnnn. 61
6.2.- Baysesian probability CalCUIUS...........c..eiiiiiiii s 70
6.3.- Dark energy and the gravitational dynamics of galaxy clusters.............cccooiiiiiinee, 74
6.4- Dark energy and the cosmic microwave background radiation.............cccccceeeiiiiiiienininineen. 76
Part 7.- General relativity refutes the speculation about dark energy..........cccccoviiiiiiriiniiicnnciiiinnns 80
7.1.- How averaging parameters in a non-homogeneous
Universe produces the backreaction.............oooiieiiiiiiiiie e 82
7.2.- Clocks run at different rates in voids and walls............cccoooiiiiiiiiiii e 91
7.3.- The new relativistic Buchert-Wiltshire paradigm..........cceoeiiiiiiiiiiii e 92

A T 7] o To7 11 1=1 10 AT 114


PyV
Texto escrito a máquina
35


36

Part 1.- Origin of the speculation on non-baryonic dark matter

1.1.- Dark matter in spiral galaxies

The amount of non-baryonic dark matter is established through the discrepancy between the
observed visible mass —which is baryonic— and the total mass calculated from certain effects
generated by gravitational fields. The first person alerting to the supposed missing mass in
galaxies and galaxy clusters, in 1933, was Fritz Zwicky (1898-1974), a Swiss astronomer
working in Pasadena, California. By comparing the redshift of individual galaxies that belong to
a cluster with the redshift of the entire cluster, he was able to establish the proper velocity of a
galaxy. Thus he could prove that the orbital velocity of galaxies in a cluster is higher than
expected if one would only take into account the mass of visible matter (stars and ionized gas)
from the point of view of Newtonian gravitational dynamics.' Along this same line of reasoning,
Rubin y Coyne speculated that the method of establishing the peculiar velocities of galaxies
within a cluster through their redshift, serves to reveal “the relative distribution of dark and
luminous matter” and “indicates the existence of large amounts of (dark) matter.””

Zwicky also established that one can determine the total mass of a galaxy through the
observation of the curvature of light coming from a star or galaxy that is located behind the Sun
or a galaxy cluster. This method, derived from the theory of general relativity, served originally
to corroborate this theory. Now that it has been corroborated, one proceeds in the opposite order
and the curvature of light allows us to calculate the total mass of a galaxy that is located between
a luminous object and the Earth.’> According to Zwicky, the observation of these effects of
gravitational lensing provides us with the most simple and most exact determination of the
masses of galaxies.”

The arcs of galaxies curved by gravitational lensing: the Abell 2218 cluster

' Fritz Zwicky, “Die Rotverschiebung von extragalaktischen Nebeln”, Helvetica Physica Acta, vol. 6 (1933): 110-
127; “On the Masses of Nebulae and of Clusters of Nebulae”, in: The Astrophysical Journal, v. 86 (1937): 217 -46
? Vera Rubin & George Coyne, eds. Large Scale Motions in the Universe (1988): 262, 101-102

* The curvature is p=05gl/ ¢? radians where | is the distance travelled by light through a gravitational field
and g is the gravitational acceleration. The factor g depends directly on the mass of the object that causes the

bending of the light. See George Gamov, En el pais de las maravillas. Relatividad y cuantos (1958): 96
* Fritz Zwicky, “On the Masses of Nebulae and of Clusters of Nebulae”, in: The Astrophysical Journal, vol. 86
(1937): 238. Zwicky denominates “nebulae” what we know today to be galaxies.
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Observations have been made of the orbital velocities of stars in spiral galaxies that seem to
reveal the existence of a halo of non-baryonic dark matter which extends further than the visible
disk of the galaxy, on the condition that we interpret these velocities from the point of view of
Newtonian gravitational laws. These laws predict that the acceleration diminishes with the
inverse square of the distance of the central mass and that the orbital velocity diminishes with the
inverse root of the distance. In a series of 10 important publications, in The Astrophysical
Journal from 1977 to 1985, Vera Rubin and her team observed about 60 spiral galaxies (20 of
type Sa, 20 of type Sb and 20 of type Sc (" °) and reported that the orbital velocity was almost
constant, independent of the distance of the center of the galaxy.® It is important to distinguish
between the astrophysical observations of Vera Rubin and her team and the interpretations they
made of these observations. Two cosmographic observations are beyond any doubt:

1.- First observation.- In the solar system, the orbital velocity of the planets diminishes with the
inverse root of the distance (v oc 1/7), so the velocity diminishes as the distance increases:

Graph.- First observation: orbital velocity and distance from the Sun in the solar system7

2.- Second observation: the rotational velocity of stars of a spiral galaxy, increases rapidly at
short distance from the galaxy center, then stops diminishing with distance, and remains more or
less constant (the curve flattens out). However, the visible mass diminishes rapidly as one moves
away from the galaxy center.

> Spiral galaxies type Sa have a big center, with the arms close to each other; galaxies type Sb, a smaller center with
distinguishable arms; and the type Sc galaxies, an ever smaller center with arms quite separate from each other.

6 Vera Rubin & Kent Ford et al. “Extended rotation curves of high-luminosity spiral galaxies. I The angle between
the rotation axis of the nucleus and the outer disk of NGC 3672,” The Astrophysical Journal, vol. 217 (1977): L1-
L4; “II The anemic Sa galaxy NGC 4378,” ibidem, vol. 224 (1978): 782-795; “III. The spiral galaxy NGC 7217,”
ibidem, vol. 226 (1978): 770-776; “IV. Systematic dynamical properties,” ibidem, vol. 225 (1978): L107-L111; “V.
NGC 1961, The most massive spiral known,” ibidem, vol. 225 (1979): 35-39; “Rotational properties of 21 Sc
galaxies with a large range of luminosities and radii, from NGC 4605 (R=4 Ipc) to UGC 2885 (R=122 kpc)” ibidem,
vol. 238 (1980): 471-487; “Rotation and mass of the inner 5 kiloparsecs of the SO galaxy NGC 3115,” ibidem, vol.
239 (1980): 50-53; “Rotational properties of 23 Sb galaxies,” ibidem, vol. 261 (1982): 439-456; “Rotation velocities
of 16 Sa galaxies and a comparison of Sa, Sb, and Sc rotation properties,” ibidem, vol. 289 (1985): 81-104

7 Original drawing by Vera Rubin in Scientific American (1983): 90
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Image.- Photo of the spiral galaxy M31 in which Rubin drew the flat rotation curve i

Graph.- Second observation: orbital velocity and distance of the center in 9 type Sc galaxies ’

These two observations of real facts in spiral galaxies are interpreted by Vera Rubin and her
team from the point of view of a cosmological model with Newtonian gravitational dynamics:

¥ Malcolm Longair, Galaxy Formation (2008): 67
? Original graphs by Vera Rubin in Scientific American (1983): 93
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1.- First part of the interpretation. Rubin and her team start from the assumption that in spiral
galaxies the gravitational dynamics operating are Newtonian. According to Newton the
gravitational acceleration diminishes with the inverse square of the distance, and orbital velocity
diminishes with the inverse root of the distance, as is explained in the next mathematical box.

MATHEMATICAL BOX 1, ORBITAL VELOCITY IN THE CONTEXT OF
NEWTONIAN GRAVITATIONAL DYNAMICS

The mathematical reasoning proper of a Newtonian model is the following. According
to Newton’s second law of movement, the acceleration a is:

F=ma=GMm/r*=a=GM/r> (1)
and the acceleration of a body in orbit around a big central mass is:
a=v/r (2)

From (1) and (2) we deduce:
GM/r* =v/r (3)

And from (3) we deduce the orbital or rotational velocity:
e JGM @)
r

which means that the orbital velocity is proportional to the root of the mass and
inversely proportional to the root of the distance:

M
=

()

1%

Since it is reasonable to assume that the mass of the galaxy is concentrated at its center
and diminishes if one moves away from the center, one would expect, according to
equation (5) that the rotational velocity v would rapidly decrease if one moves away
from the center, since in that assumption with the total mass M (within the range r)

gradually stopping to inrease and r increasing linearly, M /+Jr would diminish
rapidly. The surprise is that one observes the contrary: the orbital velocity, at a certain
distance from the center and beyond, remains constant even though we move away from
the center. The only way to explain this strange phenomenon is the assumption that the
mass, instead of gradually stopping to increase, actually increases linearly with radius,
up to a certain, far away distance. For example, at twice the distance from the center, we
would have twice the mass. That would explain why the rotational velocity remains
constant with distance:

if Mcr=Av=0 (6)

So, within the context of Newtonian gravitational dynamics there is no other option
left, but to assume the existence of a supposed halo of non-baryonic dark matter.

2.- Second part of the interpretation. The second part of the interpretation of Rubin and her team
is the following: given Newtonian gravitational dynamics, an apparent incompatibility arises
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between the visible galaxy mass (stars and gas), observed through the radiation in some
frequency of the electromagnetic specter, and the observed constancy of the orbital velocity. This
is interpreted as requiring enormous quantities of additional and invisible mass, that increase
linearly with distance from the center, as can be seen in the next graph. Given the orbital velocity
in these dynamics and given the fact the gravitational constant G and the orbital velocity v are
constant, that is more or less independent from the distance from the galaxy center r», the only
way, within the context of these Newtonian dynamics, to resolve this problem is the speculation
that the total mass M contained in the sphere with radius » increases linearly with the radius.

3.- Third part of the interpretation. Given this speculation of the total galaxy mass increasing
linearly with the radius and given the fact that the visible mass decreases rapidly with the
distance from the galaxy center, it follows logically that ‘dark matter’, which is supposed not to
interact with light, and increases with distance from the galaxy center, which implies that this
dark matter is not associated to the visible matter. As a consequence of that speculation, the mass
luminosity rate of the galaxy (M /L) increases dramatically, when one moves away from the
galaxy center.

Graph.- Linear correlation between mass and distance to the galaxy center in Sa and Sc galaxies 10

It is important to point out that in this interpretation, NO observations corroborate the
speculations. Dark matter is not observed, precisely because it is supposed not to interact with
light, as Rubin points out in a Scientific American article of 1983: “All attempts to detect a halo
by its visual, infrared, radio or X-ray radiation have failed. (..) In sum, the only requirement for
the halo is the presence of matter in any cold, dark form that meets the M /L constraint.”"' The
whole conjecture about the dark matter halo depends on the truth of the theoretical assumption
that orbital velocities in spiral galaxies can be explained by Newtonian gravitational dynamics.
This assumption allows for the speculation that the total galaxy mass increases linearly with
distance from the center, as seen in the graph above.

' Original drawing by Vera Rubin in Scientific American (1983): 95
! Vera Rubin, “Dark Matter in Spiral Galaxies”, en: Scientific American vol. 248 (1983): 98
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Once the idea of a halo of exotic dark matter was published in the Scientific American in 1983,
many cosmologists started making references to the speculation about a halo of exotic dark
matter in spiral galaxies, dissociated from visible matter, as though it was a scientific fact. For
example, in 1994, Kolb & Turner reproduced some flat rotation curves and affirmed that:
“Rotation curve measurements indicate that virtually all spiral galaxies have a dark, diffuse
‘halo’ associated with them which contributes at least 3 to 10 times the mass of the *isible
matter’ (stars and the like).”'* In 2002, Hawking attributed to a halo of exotic dark matter, the
fact that the stars at the edge of spiral galaxies like the Milky Way, NGC 3198 or NGC 9646, are
maintained in their orbits and not thrown into the outer space, and presented this fact as the
“most convincing” proof until now in favor of the existence of exotic dark matter.”” Not all
cosmologists reflected on the Newtonian assumptions of these speculations, but some did. For
example, in his The Cosmic Century of 2006, Longair reproduced the original M31 spiral galaxy
image with the flat rotation curve drawn by Rubin, and commented on the Newtonian dynamics
underlying these speculations. ' It is worthwhile quoting Longair at some length:

“Vera Rubin and her colleagues pioneered systematic studies of the rotation curves of
galaxies (...). [I]n the outer regions of galaxies, the velocity curves are generally remarkably
flat, v, = constant (..). The significance of this result can be appreciated from a simple
Newtonian calculation. If the galaxy is taken to be spherical and the mass within the radius r is
M , the circular rotational velocity at distance r is found by equating the inward gravitational
2/r), and so v,, =(GM/r)"?.

is constant, it follows that M o r, so that the total mass within radius r increases

acceleration (GM /r?), to the centripetal acceleration (v
Thus, if v,

linearly with the distance from the centre. This result contrasts strongly with the variation of the

surface brightness of spiral galaxies, which decrease much more rapidly with distance from the
-2 915

rot

t

centre than asr

Peebles too noted that Newtonian gravitational dynamics may not be applicable in the cases of
galaxy clusters and spiral galaxies: “/d]iscovering the nature of the dark matter, or explaining
why the Newtonian mechanics used to infer its existence has been misapplied, has to be counted
as one of the most exciting and immediate opportunities in cosmology today.”'® He did not
follow up, however, on his own doubts:'’

1.2.- Dark matter in galaxy clusters

The speculation about the existence of non-baryonic dark matter extends to galaxy clusters. In
the next mathematical box (number 5), I explain how total galaxy cluster mass is estimated in the
standard ACDM model, following a procedure that is based on Newtonian gravitational
dynamics.

12 Edward Kolb & Michael Turner, The Early Universe (1994): 17-18

'3 Stephen Hawking, EI Universo en una Céscara de Nuez (2005): 186

' Malcolm Longair, Galaxy Formation (2008): 66-69 y Malcolm Longair, The Cosmic Century (2006): 248-253
'S Malcolm Longair, The Cosmic Century (2006): 248-249, bold characters are mine.

' James Peebles, “Dark Matter”, in. Principles of Physical Cosmology (1993): 417

'7 James Peebles, “Dark Matter”, in: Principles of Physical Cosmology (1993): 417-456
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MATHEMATICAL BOX 2, ESTIMATING TOTAL GALAXY CLUSTER MASS
IN THE CONTEXT OF NEWTONIAN GRAVITATIONAL DYNAMICS

The equation for kinetic energy is derived directly from Newton’s second law of
movement:'®

K = lmv2
2

(7)

and if we assume that the distribution of the velocity is isotropic, in the three
directions of the system of coordinates and we assume also spherical symmetry in the
galaxy cluster, we obtain:
3

_ 9 2
K=7 M<vr > (8)
where <vr> is the average radial velocity. Let us assume also the validity of the virial

theorem, that supposes Newtonian gravitational dynamics:'’
1
K= E‘Ug‘ )

and we obtain the equation for potential gravitational energy, derived from Newtonian
physics:*°
GM M,

)

where <R> is the weighed average of the distance between objects with mass M . From

(47) ‘Ué‘ = (10)
equations (9) and (10), we obtain:
K=;GM2/RC, (11)

From equations (8) and (11), we obtain (with Longair in, Galay Formation)

3<v2>RCl note 21
T( ) (12)

where M is the galaxy cluster mass; <v> the average rotational velocity of one

M =

galaxy; and R, the average distance between galaxies. For that reason,

60 ()=, ;gfﬁ (13)

The important point to make here is that the estimate of the galaxy cluster mass>* is based on
Newtonian gravitational dynamics and, for that reason, overestimates the total galaxy cluster
mass in various orders of magnitude, just as is the case with spiral galaxies. In estimating the

'8 See Appendix II, equations 81-91, in: John Auping, EI Origen y la Evolucién del Universo (2009): 543-545
' Section C1 of Appendix VIII in: John Auping, EI Origen y la Evolucién del Universo (2009): 736

2 See Appendix 11, equation 101, in: John Auping, El Origen y la Evolucién del Universo (2009): 547

I See Malcolm Longair, Galaxy Formation (2008): 66

2 See mathematical box 2
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baryonic mass of these clusters on the basis of their luminosity,” and subtract this baryonic mass
from the total mass,”* as obtained from Newtonian rotational velocity, modern cosmology
obtains its estimate of the total non-baryonic galaxy cluster mass, which is various times the
baryonic mass. In a recent survey of galaxy clusters, Hans BoOhringer established that the
proportions of non-baryonic dark matter and baryonic visible matter are 85% and 15%,
respectively and that the 15% corresponding to baryonic visible matter is distributed between
stars, 2%, and gas, 13%, in big clusters; and 5% and 10%, respectively in small clusters.?

1.3.- The Press-Schechter theorem and dark matter
Some cosmologists have told me that they think that Press-Schechter theorem, dating from
1974, proves the existence of dark matter.” I donot agree. This theorem pretends to establish the

number N of objects with different masses (N,(M,), N,(M,), N,(My), etc.), per volume of

space (for example, Mpc™), produced by an original cloud of particles with certain initial mass
(both baryonic and non-baryonic) starting to collapse because of its initial inhomogeneities or
perturbations. These collapses repeat themselves at different scales, in a more or less hierarchical
form, for example, on a bigger scale, the number of galaxies in a galaxy clusters and on a smaller
scale, the number of stars in a galaxy.

MATHEMATICAL BOX 3. THE PRESS-SCHECHTER FUNCTION

The Press-Schechter equation gives us the number of objects N with certain mass

M as a function of the critical mass M ", related to the cause of the collapse, and of
.27
time:

1 n p M (3+n)/6 ( M )(3+n)/3
SHNM) = I+ —|— exp| — 14
(S N(M) 2\/;( 3]M2(M*j P (14)

where “all the time dependence of N(M') has been absorbed into the variation of
M with cosmic epoch” and p is “the mean density of the background model”, B n s
the value of the spectral index, and the critical mass of reference M * is defined as:*’
4/(3+n)
* E t
52) M :MO(tJ (15)
0

(as in Malcolm Longair’s, Galaxy Formation), where M is the value of M~ at the

present time ¢,,.

 See mathematical box 2

** See mathematical boxes 4 & 5

% Hans Béhringer of the Max-Planck-Institute fiir extraterrestrische Physik, in “Galaxy clusters as cosmological
probes”, lecture given at the Universidad Iberoamericana, April 16", 2008

* See William Press & Paul Schechter, “Formation of galaxies and clusters of galaxies by self-similar gravitational
condensation,” en: The Astrophysical Journal, vol. 187 (1974): 425-438 y la synthesis en Malcolm Longair, “The
Press-Schechter Mass Function,” en Galaxy Formation, 2" ed. (2008): 482-489

" Malcolm Longair, Galaxy Formation (2008):484, equation (16.25)

8 Malcolm Longair, Galaxy Formation (2008):484

% Malcolm Longair, Galaxy Formation (2008):483-484, equation (16.22)
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In the Press-Schechter function we find the term for the critical mass M *, which the object
must have in order to collapse, and this mass M * is a function of the observed mass of the object
at the present moment M, on the one hasnd, and the time that has passed since the original
cloud started collapsing, on the other hand. The value of this critical mass at the present time
(M) is determined with the laws of Newtonian gravitation analyzed before, which implies that

this mass is overestimated in various orders of magnitude. The Press-Schechter function depends
also of the estimate of the mean mass density p of the cosmological model that is used, and the
validity of which is assumed. Originally, Press and Schechter used the Einstein-de Sitter model
with Q,=1,Q, =0, but it is also possible to use the standard model ACDM with

Q,=1Q, =0.7 or any other model. Both the term for the critical mass that assumes the

validity of the Newtonian gravitational dynamics, and the term for the mass density, are model-
dependent, and imply previous estimates of non-baryonic dark matter. For that reason, the Press-
Schechter formalism does not prove, but rather assumes that the largest part of galaxy cluster
mass is non-baryonic and is therefore compatible with that assumption.

Besides, a critical analysis of the Press-Schechter theorem by Monaco,’® reveals that this
formalism, from the point of view of astrophysics is quite wrong but yields apparently good
results: “there is a simple, effective and wrong way to describe the cosmological mass function.
Wrong of course does not refer to the results but to the whole procedure.”

1.4.- The location of dark matter

In order to investigate the location of dark matter in clusters, advantage has been taken of the
special circumstances that occur when galaxies or galaxy clusters collide and cross each other.
The fact that in the case of a collision of galaxies or galaxy clusters, the stars do not collide, but
the gas does, implies that the heated gas is separated from the stars. In the case of the galaxy
cluster 1E0657-558 also known as the Bullet Cluster, Clowe and his team corroborated the fact
that there are two clusters in collision, seen from aside.*

The clouds of hot plasma of each cluster collide and get mixed up and reduce their relative
velocity, but the stars of the galaxies do not collide physically, so that the visible plasma and the
galaxies are spatially separated. The separation of galaxies and plasma permits estimating the
proportions of visible baryonic matter of both on the basis of their respective luminosity. By
observing the effect of weak gravitational lensing —a slight distortion of the elliptic form of the
galaxies—, which is more accentuated where galaxies are (with relatively little visible matter),
than the plasma regions (with more visible matter), the hypothesis is corroborated that the
location of the dark matter is in and around the galaxies, generating the effect of the observed
gravitational /ensing. The variations of gravitational lensing “are in agreement with the galaxy

3% Pierluigi Monaco, “Dynamics in the Cosmological Mass Function (or, why does the Press & Schechter Function
work?”, in: Giuliano Giuricin & Marino Mezzetti eds., Observational Cosmology: The Development of Galaxy
Systems (1999): 186-197

! Ibidem, pag. 187

32 Douglas Clowe et al., “A direct empirical proof of the existence of dark matter”, arXiv:astro-ph/0608407,
reproduced in: Astrophysical Journal Letters (2006). Also, idem, “Colliding clusters shed light on dark matter,” in:
Scientific American (agosto 22, 2006)
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positions and offset from the gas.”>, and the dark matter is associated to the visible matter of the

galaxies. This is not a case, therefore, of ‘pure’ dark matter, dissociated from the visible matter.
Clowe’s team does not speculate about the character of the dark matter the existence of which
they believe to have corroborated.*

Image.- Dark matter (blue) is associated to the galaxies and dissociated from the plasma (pink)

The conclusions of the analysis of the Bullet Cluster 1E0657-558, first realized by Clowe
and his team, in 2006, then replicated by Bradac®® and her team in the case of another merger of
clusters, catalogued as MACS J0025.4-1222, and indirectly corroborated by Massey and his
team, who used the observed distortion of the form of half a million galaxies to reconstruct, the
distribution of the total intermediate mass that causes the distortion by lensing, are the following:
1) “[T]he baryons follow the distribution of dark matter even on large scales.”
2) There are large amounts of dark matter in these galaxy clusters. Hans Bohringer estimates
the proportions of non-baryonic dark matter and baryonic visible matter at 85% and 15%
(stars, 2%, and gas, 13%, in big clusters), respectively.37

3) The statistical methods to measure the amount of mass through weak gravitational
lensing, which is at the basis of these investigations and its conclusions, is a mixture of
relativistic —as far as the fact of gravitational lensing is concerned— and, in the words of
Clowe, “Newtonian gravity”,” or in the words of Massey, “Newtonian” *° gravitational
dynamics, so that this proof of the existence of dark matter rests on the validity of
Newtonian gravitational dynamics in these cases.

* Douglas Clowe ef al., “Catching a bullet: direct evidence for the existence of dark matter,” arXiv:astro-
ph/0611496, p. 4

** Dennis Zaritsky, a member of Clowe’s team, admits that one does not know what this dark matter is. Quoted in
“Colliding Clusters Shed Light on Dark Matter”, Scientific American (August 22, 2006)

3% Marusa Bradac e al., “Revealing the properties of dark matter in the merging cluster MACS J0025.4-1222, en:
arXiv:0806.2320

36 Richard Massey e al., “Dark matter maps reveal cosmic scaffolding,” in: Nature online, January 2008, p. 5. The
dark matter is made visible by the grey contours in the first image and the grey spots in the three other ones.

37 Hans Bohringer of the Max-Planck-Institute fiir extraterrestrische Physik, in “Galaxy clusters as cosmological
probes”, lecture given at the Universidad Iberoamericana, April 16", 2008

** Douglas Clowe ef al., “Catching a bullet: direct evidence for the existence of dark matter,” arXiv:astro-
ph/0611496, p. 3

%% Richard Massey et al., “Probing Dark Matter and Dark Energy with Space-Based Weak Lensing”, arXiv: astro-
ph/0403229, p. 4, see also idem., “Dark matter maps reveal cosmic scaffolding, ” in: Nature online
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1.5.- Modified Newtonian Dynamics

Another possible hypothesis to explain the discrepancy between the observed and expected
Newtonian dynamics of galaxy rotation velocity is the Modified Newtonian Dynamics (MOND)
without dark matter as developed by Mordechai Milgrom, an astrophysicist from Israel, in
different publications, beginning in 1983.* Milgrom maintains Newton’s second law of
movement, but modifies it for very slow accelerations, such as those that are common at great
distances from galaxy centers.*’ The problem of this solution is the arbitrary division between
‘high’ and ‘low’ accelerations, on the one hand, and the arbitrary modification of the Newtonian
dynamics, on the other hand, since it does not conform to known physical laws. Milgrom is very
conscious of this fact, when formulating the following dilemma: “Dark matter is the only
explanation that astronomers can conjure up for the various mass discrepancies, if we cleave to
the accepted laws of physics. But if we accept a departure from these standard laws, we might do
away with dark matter.”**

Mario Livio agrees with Milgrom that there are only two possible solutions to the problem, but
prefers dark matter: “There are only two ways to explain the high speeds of these clouds. (...)
[E]ither Newton’s law of gravitation breaks down in the circumstances prevailing in the
outskirts of galaxies, or the high orbital speeds are caused by the gravitational attraction of
invisible matter. (...) Astronomers have been forced to accept the second possibility: galaxies
must contain large amounts of dark matter.”® It is remarkable that Milgrom and Livio and many
others assume that the accepted laws of physics applicable in these cases are necessarily
Newtonian.

*“Mordechai Milgrom, Do Modified Newtonian Dynamics Follow from the Cold Dark Matter Paradigm?”, in:
Astrophysical Journal (may 2002)

1 Milgrom suggests that slow accelerations produce a orbital velocity independent of distance: a << a, &

a,=12*10"ms” & F=a’/a,= a= \/GMay, / r which, with a = v /7 yields v=(GM a,)"*

*2 Mordechai Milgrom, “Does Dark Matter Really Exist?”, in: Scientific American (agosto de 2002), p. 44
# Mario Livio The Accelerating Universe (2000): 90
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Part 2.- Cooperstock & Tieu’s relativistic approach to galaxy gravitational dynamics

To understand why the assumption of Newtonian gravitational dynamics is not necessary, we
have to reformulate the essence of the problem:

Graph.- The observed and expected Newtonian dynamics of galaxy rotation velocity

A few cosmologists grasped the opportunity referred to by Longair and Peebles, as to the
Newtonian dynamics at the basis of the dark matter speculation, notably two teams from Canada,
Brownstein and Moffat, on the one hand, and Cooperstock and Tieu, on the other hand, who
offered, one team independently of the other, twelve years after Peeble’s proposal, an orthodox
solution, along the lines of Einstein’s general relativity, that makes the speculations about dark
matter superfluous. According to Cooperstock and Tieu, galactic dynamics present a non-linear,
relativistic problem. Eddington had mentioned this non-linearity for a system that is variable in
time, and the authors extend it to non-linear, but stationary (non-time dependent) problems, as in
galactic dynamics:

“In dismissing general relativity in favor of Newtonian gravitational theory for the study of
galactic dynamics, insufficient attention has been paid to the fact that the stars that compose the
galaxies are essentially in motion under gravity alone (‘gravitationally bound’). It has been
known since the time of Eddington that the gravitationally bound problem in general relativity is
an intrinsically non-linear problem even when the conditions are such tat the field is weak and
the motions are non-relativistic, at least in the time-dependent case. Most significantly, we found
that under these conditions, the general relativistic analysis of the problem is also non-linear for
the stationary (non-time-dependent) case at hand. Thus the intrinsically linear Newtonian-based
approach used to this point has been inadequate for the description of galactic dynamics (...).
We ... demonstrate that via general relativity, the generating potentials producing the observed
flattened galactic rotation curves are necessarily linked to the mass density distributions of the
flattened disks [of ordinary baryonic matter], obviating any necessity for dark matter halos in
the total galactic composition.”

Cooperstock, colaborating first with Tieu and then with Carrick, has analyzed a total of 7
spiral galaxies from the relativistic point of view:

* Cooperstock & Tieu, General Relativity Resolves Galactic Rotation Without Exotic Dark Matter (2005):
arXiv:astro-ph/0507619, ps. 2-3
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1) In their first publication of 2005, the authors analyzed four spiral galaxies (the Via
Lactea, and NGC 3031, NGC 3198, and NGC 7331)"

2) In December 2010 they added another three spiral galaxies proving the same point (NGC
2841, NGC 2903 and NGC 5033)*

Cooperstock, Tieu and Carrick conceive the sprial galaxies as systems that are analogous to
“fluids rotating uniformly without pressure and symmetric around the axis of rotation,”" and
explained the rotational dynamics by the gravitational attraction exercised by baryonic matter,
within the known form of the visible disk, in relativistic gravitational dynamics (see the next
mathematical box).

MATHEMATICAL BOX 4. SPIRAL GALAXY MASS IN RELATIVISTIC, NON-
LINEAR GRAVITATIONAL DYNAMICS ACCORDING TO COOPERSTOCK

Cooperstock & Tieu start from the line element of anobject in ‘free fall’ in general
relativity, adapted to the polar, cylindrical coordinates » y z:
ds®* =—e" " (udz> +dr*)—r’edp+e”(cdt—Ndg)> (16)
where u, v, w, and N are coefficients whose value is a function of the coordinates
r and z . For various reasons, explained by the authors*® one may simplify this equation
equating u =1 and w=0:
ds’ =—e"(dz* +dr*)—r’d¢+(cdt—Ndg)> (17)

We obtain the relation between angular velocity @, and tangential velocity V' and the

coefficient N (using ¢ = ¢+ a(r,z)1):*
= Ne (18)

2
r

and (14) V=wr (19)
so that, by (18) and (19):

V= Ne (20)
r

The authors use Einstein’s field equations for N and o in a weak field with a cloud
of particles in rotational motion, not subject to pressure neither to friction:”

“Fred Cooperstock & Steven Tieu, General Relativity Resolves Galactic Rotation Without Exotic Dark Matter
(2005): arXiv:astro-ph/0507619

% J. D. Carrick and F. 1. Cooperstock, General relativistic dynamics applied to the rotation curves of galaxias,
arXiv:1101.3224, December 2010

* Fred Cooperstock & Steven Tieu, “General Relativity Resolves Galactic Rotation Without Exotic Dark Matter”
(2005): arXiv:astro-ph/0507619, p. 4

* Fred Cooperstock & Steven Tieu, “Galactic Dynamics via General Relativity”, en: International Journal of
Modern Physics vol. 22 (2007): 4-5

* Fred Cooperstock & Steven Tieu, “Galactic Dynamics via General Relativity”, in International Journal of
Modern Physics vol. 22 (2007): 4

% Fred Cooperstock & Steven Tieu, “Galactic Dynamics via General Relativity”, in: International Journal of
Modern Physics vol. 22 (2007): 5


http://arxiv.org/abs/1101.3224
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N
N _+N_—-——"-=0 (21)
r
Nr2+sz _8zGp

and - >
c

(22)

r

Equation (21) can be represented as a function of the gravitational potential ¢ for

rotating galaxies:
V=0 (23)
where the zero value is due to the absence of pressure and friction in a system of
particles in rotational motion. If there were no rotational motion, the system would need
pressure (a non-zero value) to be stable, as in the Poisson equation of Newtonian gravity
for weak fields:
Vg=4rGp (24)

In a way analogous to the derivation of the Newtonian gravitational field and
potential,’ ! Cooperstock and Tieu obtain the gravitational potential of a system of
particles in rotational motion not subject to pressure, neither to friction:

N op O N N
=|__d = =" |"dr="- 25
¢ -[r ' or Gr-[r : (25)

r

From equations (20) and (25), we obtain the rotational or tangential velocity:

V:cﬁ:c% (26)
r

r

In polar cylindrical coordinates, the solution to equation (23) is: 52
¢=CeFl (kry (27)
where J is the Bessel function J, (kr) of cero order (m=0) and C is an arbitrary

constant. Given the fact that equation (18) is linear, we can rewrite equation (27) as a
linear summary:

$=> Ce“Flu k,r) (28)

From equations (26) and (27), we obtain:

V=c g‘é =—c > .Ck,e "l (k,r)  (29)
r n
and from (26) and (29), we obtain:
N= Q:—Z“cnk,,re"%‘zul (k) (30)
c n

*! For the derivation of the Newtonian gravitational field and potential, see Appendixes IT & VI B of John Auping,
Origen y Evolucion del Universo (2009). The Poisson equation is number (239) on page 668

> Fred Cooperstock & Steven Tieu, “Galactic Dynamics via General Relativity”, in: International Journal of
Modern Physics vol. 22 (2007): 9
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By solving Zann from n=1 to n=10, we obtain the theoretical rotational

velocity curves, which are perfectly corroborated by observations, with the Bessel
function of order one:

10
V(r,z)=-c> Che (k) (31)

n=1

10
and  N(r,z)=-Y C,k,re Pl (k,r)  (32)

n=l1
and from (31) and (32), and taking into account that ¢ =3*10°m/s, we obtain:>

3*10°

V(r,z)= N(r,z) (33)

Each galaxy is different, and has its proper coefficients C, and k, . Cooperstock and

Tieu attached the respective values of these coefficients to their article for four galaxies,
among them the Milky Way, for n=1to n=10.

What many astrophysicists and cosmologists attribute to a halo of cold dark matter in the
context of Newtonian gravitational dynamics is explained by Cooperstock and Tieu with
ordinary baryonic matter in the context of relativistic gravitational dynamics. This method yields
the following results: “Most significantly, our correlation of the flat velocity curve is achieved
with dislsc4mass of an order of magnitude smaller than the envisaged halo mass of exotic dark
matter.”

Their hypothesis is corroborated: “We have seen that the non-linearity for the computation of
density inherent in the Einstein field equations for a stationary axially-symmetric pressure-free
mass distribution, even in the case of weak fields, leads to correct galactic velocity curves as
opposed to the incorrect curves that had been derived on the basis of Newtonian gravitational
theory.” As a mater of fact, the observations corroborate the predictions of the theoretical
model, as can be appreciated in the following graph by Cooperstock y Tieu: %6

> Ibidem, Appendix, p. 30

>* Fred Cooperstock & Steven Tieu, “General Relativity Resolves Galactic Rotation Without Exotic Dark Matter”,
arXiv:astro-ph/0507619 (2005): 11

> Fred Cooperstock & Steven Tieu, “Galactic Dynamics via General Relativity”, in: International Journal of
Modern Physics A vol. 22 (2007): 29

%6 Fred Cooperstock & Steven Tieu, “General Relativity Resolves Galactic Rotation Without Exotic Dark Matter”,
arXiv:astro-ph/0507619 (2005) and “Galactic Dynamics via General Relativity”, in: International Journal of
Modern Physics A vol. 22 (2007): 7.
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Graph.- The rotational velocity curve for the Milky Way as predicted by the relativistic theory of
Cooperstock y Tieu (the curve) is corroborated by the observations (the points)

It is essential in science that the experiments set up by the authors can be replicated by
colleagues. Some cosmologists expressed doubts to me as to the replicability of the proofs
offered by Cooperstock and Tieu. With Wolfram’s program Mathematica, version 6, Alfredo
Sandoval and I were able to reproduce exactly the same flat rotational velocity curves. The
values and the equations of Mathematical Box 4 allowed us to reproduce with Wolfram’s
program Mathematica, the same rotational velocity curves as published by Cooperstock and Tieu
We discovered, however, that variations in the fourth or fifth or sixth decimal figure of the value
of the coefficients C, and k, may affect the results in a non-trivial way. This means we can not

use figures that are rounded up to the third or fourth decimal. The following graph replicates the
results by Cooperstock and Tieu, for the Milky Way, in the context of relativistic gravitational
dynamics. The only difference with the previous graph by Cooperstock and Tieu is that these
authors give the results up to a distance of 30 kilo parsecs, and Sandoval and I, up to a distance
of 50 kilo parsecs.

Cooperstock and Tieu comment their findings: “The scientific method has been most successful
when directed by ‘Ockham’s razor’, that new elements should not be introduced into a theory
unless absolutely necessary. If it should turn out to be the case that the observations of
astronomy can ultimately be explained without the addition of new exotic dark matter, this would
be of considerable significance.”’

" Fred Cooperstock & Steven Tieu, “Galactic Dynamics via General Relativity”, in International Journal of
Modern Physics A vol. 22 (2007) y arXiv:astro-ph/0610370, p.30
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Graph.- The rotational velocity curve for the Milky Way by Cooperstock y Tieu
is replicated with Wolfram’s program Mathematica by Sandoval and the author

The work of Cooperstock and Tieu has generated much interest and also some public criticism,
from Korzynski,”® Vogt and Letelier,” and Garfinkle.** Cooperstock and Tieu responded
adequately to their critics.”!

Other astropysicists have expressed the criticism that even with relativistic gravitational
dynamics, the baryonic mass in the spiral galaxies is not enough to explain their rotational
velocity. One of them wrote to me in an e-mail of December 2010, that “the masses of the
galaxies Cooperstock and Tieu find are greatly in excess of any reasonable estimate of the
baryonic mass.” What these astrophysicists sustain is that even in the case of relativistic
gravitational dynamics only the sum of baryonic and dark matter in spiral galaxies explains the
rotational velocity curves of stars belonging to the galaxy. They refer to Stephen Kent’s
estimates of spiral galaxy mass, because Cooperstock & Tieu themselves make that comparison.
Kent has three articles on this topic, published in The Astronomical Journal in 1986, 1987 and
1988, titled Dark matter in spiral galaxies I; IT; and III, respectively.®*

I do not think that Kent’s estimates validate the missing mass hypothesis, as I will now show.
First, there is no indication in Kent’s figures of a 1/6 baryon/total mass ratio as Cooperstock
himself and his critics assert. Kent does not use the term ‘baryonic mass’, but refers to ‘stellar
mass’, being the sum of the stellar ‘bulge’ mass M, and stellar ‘disk’ mass M ,, that he obtains

by means of estimates of the mass/luminosity ratio M /L (the luminosity being the surface
brightness of stars) for bulges and disks. He derives the total mass estimate M ,, by means of

Newtonian equations that establish a causal relationship between mass and rotational velocity at

*¥ Nikolaj Korzynski, “Singular disk of mater in the Cooperstock-Tieu galaxy model,” arXiv:astro-ph/0508377

> Daniel Vogt & Patricio Letelier, “Presence of exotic matter in the Cooperstock and Tieu galaxy model,”
arXiv:astro-ph/0510750

% David Garfinkle, “The need for dark matter in galaxies”, arXiv:gr-qc/051182

61 Fred Cooperstock & Steven Tieu, “Perspectives on Galactic Dynamics via General Relativity,” arXiv:astro-ph/
0512048 y “Galactic Dynamics via General Relativity”, in: International Journal of Modern Physics A vol. 22
(2007): ps. 17-28

62 Stephen M. Kent, “Dark Matter in Spiral Galaxies. I. Galaxias with Optical Rotation Curves”, The Asytrophysical
Journal, vol. 9 (June 1986): 1301-1327; “Dark Matter in Spiral Galaxies. II. Galaxies with H1 Rotation Curves”,
The Asytrophysical Journal, vol. 9 (April 1987): 816-832; “Dark Matter in Spiral Galaxies. III. The Sa Galaxies,
The Asytrophysical Journal, vol. 9 (August 1988): 514-527
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any chosen radius, where velocity is the observed part (derived from blue and redshifts), radius
the chosen part, and mass the inferred part. The stellar/total mass ratio, for 7 of the 16 galaxies

with complete data sets, is M ,,, /M, =0.32, that is a ratio of 1/3, not 1/6.%

Of the three galaxies chosen by Cooperstock & Tieu for analysis in their first article (NGC
3031; NGC 3198; and NGC 7331), Kent has complete data sets only for two of them, NGC 3031
and NGC 7331, since he has no bulge mass estimate fort NGC 3198. In the case of NGC 3031
and NGC 7331, the stellar/total mass ratios are 1/2 and 1/4, respectively. These ratios, however,
have to be corrected, because Kent neither includes estimates of interstellar gas, nor of black
holes, but “the contribution ... from the stellar component alone”.**. In galaxy clusters the gas
mass is 85% of the baryonic mass, and the stellar mass, 15%. In galaxies, it is 15% and 85%. The
interstellar gas mass, for example in the Via Lactea, is 15% of the total baryonic mass.®’. The

additional gas mass changes the Kent estimate of baryon mass for NGC 3031 and NGC 7331 to

8.47*10" and 14.24*10' solar masses, implying 1/1%; and 1/3 baryon/total mass ratios,
respectively.

Now we have to add the black hole masses M, , which is originally baryonic dark matter. The

black hole mass is not included in Kent’s M/L ratios because in both galaxies, he has identical
M/L ratios for bulges and disks -3.76 and 4.04, respectively—, as he explains: “for NGC 3031 ...
and NGC 7331, the bulge M/L ratio in the full solution was very poorly constrained and so it
was kept fixed equal to the disk M/L ratio”®® The M/L ratios would have been different for
bulges and disks if the black hole had been included in the bulge M/L ratio. In NG 3031, the

black hole at the center of the galaxy has a negligible mass of M ,,, ~10° solar masses”’, but the
authors estimate the total stellar mass to be M ,,,, =7.7*10' solar masses, which increases the

baryon mass estimate to 8.97*10°10. The NGC 7331 black hole may be as much as 10° solar
masses™ which increases the baryon mass from 14.24 to 14.34*10°10.

The following table gives the corrected Kent baryon mass estimates, compared to those found
by Cooperstock, and shows the baryon masses in both cases are in fact almost identical.

Galaxy Cooperstock Kent corrected Kent/Cooperstock
NGC 3031 10.9 *10710 8.97*10"10 0.82

NGC 3198 10.1*10710 / /

NGC 7331 26.0¥10"10 14.34*10"10 0.55

63 Stephen Kent, “Dark Matter in Spiral Galaxies. II. Galaxies with H1 Rotation Curves”, The Asytrophysical
Journal, vol. 9 (April 1987): 827

64 Stephen Kent, ““Dark Matter in Spiral Galaxies. I. Galaxias with Optical Rotation Curves”, The Asytrophysical
Journal, vol. 9 (June 1986): 1301

65 Katia Ferriére, “The interstellar environment of our galaxy”, arXiv:astro-ph/0106359 (June 2001): 1-56

6 Stephen Kent, “Dark Matter in Spiral Galaxies. II. Galaxies with H1 Rotation Curves”, The Asytrophysical
Journal, vol. 9 (April 1987): 826

57 Rohlfs & Kreitschmann, “A Two component mass model for M81/NGC3031”4stronomy & Astrophysicis,
(1980):175-182

%8 Silchenko, “Chemically decoupled nuclei in the spiral galaxies NGC 4216 and 45017, Astronomical Journal
(1999):186-196
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The table reveals that in the case of NGC 7331 there is still is some apparent missing mass, but
not much. The ‘missing mass’ may be due to many uncertainties, among other things:
1) the uncertain estimates of the M/L ratio;
2) “relationship between luminous and dark matter shows significant variation among galaxies”;
3) “the relative amounts of dark and luminous matter in a galaxy are still not well known™®; and
4) the “optical rotation curves usually do not place strong constraints on the amount of dark
matter in these galaxies. Indeed, in agreement with Kalnajs, 1983, some rotation curves are fit
well without the need to assume the existence of any dark halo™.”®
5) The mass of supermassive black holes at the galaxy center may have been underestimated.”’
There are other ways in which black hole dynamics falsify the dark matter hypothesis. Though I
donot share the MOND theory, their adherents have convincingly falsified the dark matter
hypothesis in galaxies,72 adding this proof to the one offered by Cooperstock ansd his
colaborators.

In the case of NGC 2841, NGC 2903 and NGC 5033, Cooperstock again employed the solution
of the Einstein field equations of general relativity, as in his earlier studies, and the fits to the
data appeared again to be very precise. The known data from galactic rotation curves can be
accommodated with “at most relatively little extra [baryonic] matter” when the analysis is
performed with Einstein’s as opposed to Newton’s gravity. This ‘little extra baryonic matter’
may be “due to dead stars, planets, neutron stars [black holes] and other normal non-luminous
baryonic matter debris.””

% Stephen Kent, “Dark Matter in Spiral Galaxies. II. Galaxies with H1 Rotation Curves”, The Asytrophysical
Journal, vol. 9 (April 1987): 816

70 Stephen Kent, ““Dark Matter in Spiral Galaxies. I. Galaxias with Optical Rotation Curves”, The Asytrophysical
Journal, vol. 9 (June 1986): 1301, 1326

"I If the black hole at the center of NGC 3031 would have a mass equivalent to the heaviest one known today

(~1.8%10" solar masses), then Cooperstock’s and Kent’s NGC 3031 baryon estimates would be exactly equal.

™ Karl Gebhardt et al., “A relationship between nuclear black hole mass and galaxy velocity dispersion”,
Astrophysical Journal Letters 539 (2000): 75 ss.. See also several recent contributions by Pavel Kroupa.

" J. D. Carrick and F. I. Cooperstock, General relativistic dynamics applied to the rotation curves of galaxias,
arXiv:1101.3224, December 2010, ps. 3,10


http://arxiv.org/abs/1101.3224
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Part 3.- Brownstein & Moffat’s relativistic approach to gravitational galaxy dynamics

Independently of Cooperstock and Tieu, another Canadian team, consisting of Brownstein and
Moftat, designed a relativistic gravitational model, called Modified Gravity (MOG), in which
they modify the Newtonian laws of acceleration on the basis of the theory of general relativity.”*
They corroborated their theory with the data of more than 160 galaxies.” The following
mathematical box synthesizes the essence of this new relativistic theory.

MATHEMATICAL BOX 5. THE MASS OF SPIRAL GALAXIES IN
RELATIVISTIC GRAVITATIONAL DYNAMICS

By adding the relativistic acceleration to the Newtonian one, one finds tha
relativistoc equation of gravitational force, as I explain in my book on cosmology:°

2.1 )7 v
_ d x , ax dx} (34)

F =m(a +a )=m{ +
EINSTEIN NEWTON EINSTEIN (dS) 2 y72% dS dS

Brownstein and Moffat start with an analogous, relativistic modification of the
Newtonian acceleration law:

GM e’ r
a(ry=——>= +G0\MOM{ 5 (1+)} (35)
r r 7
and given the following effective gravitational constant:

MO
G, = GO(H\/;j (36)

and by combining (35) y 36), they obtain:
GM M, -r/x r
a(ry=—"—[1+ | —<sl-e""(1+— 37
(r) e [ \/M{ ( ro)}] (37)

As Brownstein explained to me in an e-mail, a year ago, the terms M, and 7, do

NOT represent a variable mass and a variable radius, but are parameters the values of
which are constant. In the case of high surface brightness galaxies (HSB), the values
of these constants are:

M, =9.60%10"M,,  (38)

and 7, =13.92 kpc=4.30*10"m  (39)

In the case of very low surface brightness (LSB) or dwarf galaxies, the mass and
radius have the following values:

M, =240*%10"M,, (40)

™ Joel Brownstein & John Moffat, “Galaxy Rotation Curves Without Non-Baryonic Dark Matter”, arXiv:astro-
ph/0506370 (2005)

> Joel Brownstein & John Moffat, “Galaxy Rotation Curves Without Non-Baryonic Dark Matter”, arXiv:astro-
ph/0506370 (2005): 18-28

'8 Equation (170 B) of Appendix VI B, in: John Auping, The Origen and Evolution of the Universe (2009): 660
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7, =6.96kpc=2.15%10"m  (41)

Given the fact that according to Newton:'’
2

a=""- ()

we obtain, combining equations (37) and (42), the law of modified velocity:
G,M M, ~r/n r 412
v(ir)=,|— 1+, —<l-e"""(1+— 43
()\r[ \/M{ ( ro)] (43)

In the case of a symmetric galaxy, the mass density of which contains an interior
core at a distance r =r,, the acceleration of equation (37) is transformed in equation

(44) for HSB galaxies and in (45) for LSB and dwarf galaxies LSB, respectively:

GME j
HSB: a(r)=- - [1+ \/ {1 e’ (1+ )}] (44)
r
o L j
I”+V
LSB: a(r)=- : [1+ \/ {1 e (1+ )}] (45)
r

In these cases, the rotational velocity for HSB galaxies is transformed in equation
(46) and for LSB and dwarf galaxies in (47), respectively:

. _ |GM r v M, Tl g2

HSB: v(r) = ! o [r o J [1+ ! {1 e 1+ " )}] (46)
. _ G,M r 3 M, _rin T 2

LSB: v(r)= \ r(r e j [l—i—\ {l e (I+ " )}] (47)

These equations of the acceleration and rotational velocity differ from the classical,

Newton rotational ones:
3B
r+r.
L (48)

ANewron = — 2

with # =1 for HSB and =2 for LSB and dwarf galaxies.

G M
Vnewron = \/? (where r —> ) (49)

Even though Cooperstock & Tieu and Brownstein & Moffat, use different relativistic models,
the results are identical, as can be appreciated comparing, for example, the rotational velocity

"7 See mathematical box 1
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curves of the Milky Way, produced by both teams. In the following graph, I reproduce the
rotational velocity curve of the Milky Way, produced by Brownstein and Moffat,”® that can be
compared with the one produced by Cooperstock y Tieu, reproduced above..

Graph.- The rotational velocity curve of the Milky Way according to the relativistic theory MOG

In synthesis, the gravitational dynamics of spiral galaxies are well explained by Einstein’s
theory of general relativity, without any necessity to introduce speculations about a halo of non
baryonic dark matter

Image.- The dynamics of spiral galaxies is explained by Einstein’s general relativity 7

7 Joel Brownstein & John Moffat, “Galaxy Rotation Curves Without Non-Baryonic Dark Matter”, arXiv:astro-
ph/0506370, p. 29
7 The spiral galaxy NGC 6946. Photo by John Duncan, Astronomia (2007): 223
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Part 4.- Relativistic dynamics of galaxy clusters without cold dark matter

4.1.- Cooperstock & Tieu

(Can we extend this analysis of galaxy rotational velocity to galaxy clusters? Cooperstock &
Tieu have shown that it is indeed possible™: “For the dynamics of clusters of galaxies, the virial
theorem is used. This is based on Newtonian gravity theory. It would be of interest to introduce a
general relativistic virial theorem for comparison. It is only after possible effects of general
relativity are explored that we can be confident about the viability or non-viability of exotic dark
matter in nature. '

As a matter of fact, in 2008, Cooperstock and Tieu applied general relativity to the
gravitational dynamics of galaxy clusters, and corroborated their hypothesis,** especially their
hypothesis about total cluster mass and the rotational velocity of galaxies.” The following
mathematical box synthesizes their main argument, based on a relativistic model of a weak
gravitational field constituted by many bodies that suffer mutual gravitational attraction but no
friction or pressure.

MATHEMATICAL BOX 6. TOTAL MASS ESTIMATE OF GALAXY
CLUSTERS IN A RELATIVISTIC GRAVITATIONAL MODEL

Cooperstock and Tieu start with Schwarzschild’s solution to Einstein’s equations,
that uses a metric of spherical coordinates for a spherical mass M 5 the same that
one uses to derive the perihelion rotation of Mercury in a plane:*

1 2GM
ds’ =| ——— \|dr* +r*(d6* + sen*0dg*)—| 1— cldt? 50
26w ( #) ( czrj (50)

2
cr

The four terms between parentheses constitute the metric coefficients, that together
determine Schwarzschild’s metric tensor in fourdimensional space-time, where the

% Fred Cooperstock & Steven Tieu, “Perspectives on Galactic Dynamics via General Relativity,” arXiv:astro-ph/
0512048 (2005) and Fred Cooperstock, “Clusters of Galaxies”, in: General Relativistic Dynamics (2009): 135-159

#! Fred Cooperstock & Steven Tieu, “Perspectives on Galactic Dynamics via General Relativity,” arXiv:astro-ph/
0512048, p. 3. For the virial theorem, see Appendix VIII, Section C 1, in: John Auping, El Origen y la Evolucion
del Universo (2009), p. 736

82 Fred Cooperstock & Steven Tieu, “General relativistic velocity”, in: Modern Physics Letters A vol. 23 (2008):
1745-1755 and Fred Cooperstock, “Clusters of Galaxies”, in: General Relativistic Dynamics (2009): cap. 10

8 John Moffat, “Scalar-Tensor-Vector Gravity Theory”, arXiv:gr-qc/0506021; “A Modified Gravity and Its
Consequences for the Solar System, Astrophysics and Cosmology,” arXiv:gr-qc/0608074; y Joel Brownstein & John
Moffat, “Galaxy Cluster Masses Without Non-Baryonic Dark Matter,” arXiv:astro-ph/0507222; and Monthly
Notices of the Royal Astronomical Society (2005): 1-16

# See equations (381) and (382) of appendix VI B of John Auping, Origen y Evolucién del Universo (2009): 692.
Cooperstock and Tieu invert the signs and simplify the equation, omitting the constants G and ¢, see Fred
Cooperstock & Steven Tieu, “General relativistic velocity: the alternative to dark matter”, in: Modern Physics
Letters A vol. 23 (2008): 1746, equations (1) and (2)

%5 See equation (382) of Appendix VI B and equation (4) of Appendix VI C of John Auping, Origen y Evolucién del
Universo (2009): 692, 698
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mass M is not small. In the normalized version of Cooperstock and Tieu, the units
are selected so as to make ¢ =G =1 and the signs of the metric are inverted:*

-1
ds? = _[1_2’") dr’ —(r*)do* — (r’sen’0)dg¢* +(1—2mjdf2 (51)
. r

A big difference between this procedure and the perihelion analysis of Mercury is
that we do not make the simplifying assumption, justifiable in the solar system, that
the proper time dr of the observed mass and the time dt of the observer are one
and the same. Normally, in the case of strong gravitational fields, this difference is
considered to be important. But, Cooperstock and Tieu show that also in the case of
a weak gravitational field, the difference between the proper time dr of the
observed mass and the time d¢ of the observer is crucial. The transformation of the
coordinates of the observer (» and ¢) into the ‘co-moving’ coordinates of the
observed object with its proper time (R and 7 ) is the following:

/ﬁ

\r

j 1_2ma’r (52)
,

R=t+'[ 2m 1 2m (53)
[
r r

T=1+

and r=(;(R—r)j @m)'"?  (54)

which gives us the following transformed Schwarzschild metric, that Cooperstock
took from Landau & Lifshitz’s The Classical Theory of Fields, and that depends on
the proper time of the massive object:"’

dR*

ds* =dr? -

4/3
(w0 em @ ssarodry s

In the case that the value of 7 comes close to the value of R, we are in a strong
gravitational field and the singularity of a black hole arises where R=7. But
Cooperstock and Tieu are interested in the case of a weak gravitational field, where
R >> 7 for all R, implying that » >>2m for all » and the coordinates (7,7). The

% Fred Cooperstock & Steven Tieu, “General relativistic velocity: the alternative to dark matter”, in: Modern
Physics Letters A vol. 23 (2008): 1746, equations (1) and (2) and note 6 (¢ = G =1). This is equation (100.2) of L.

Landau & E. Lifshitz, The Classical Theory of Fields, 4* ed. revisad (2002):321, if one takes into account that ¥y

(the ‘gravitational radius’) in Landau y Lifshitz is the mass 7 in Cooperstock and Tieu.
87 This is equation (102.3) of L. Landau & E. Lifshitz, The Classical Theory of Fields, 4* revised ed. (2002):332, if

one takes into account that 7, (the gravitational radius) in Landau and Lifshitz is the mass # in Cooperstock and

Tieu, and that Landau and Lifshitz normalize only half way (G =1, but ¢ # 1).



60

radial velocity, measured by the external observer is:
dr 2m 2m
Vo =—=—1-—|.— 56
rad dt ( - j(\ - j ( )
The radial velocity in the proper time of the observed moving object is:

B S TR 1(1_
“dr | gy, dt \(1_217%)2 r

2mj\ 2m ~ 2m (nota 88) (57)

o\

In a weak gravitational field, the radial velocity measured in the proper time of the
co-moving object is equal to the radial velocity measured in the time of the terrestrial
observer, because the mass m of the field is so reduced that the factor

(l—mj ~1-0=1, as Cooperstock and Tieu explain: “the local measures, both
r

proper and external, of the radial velocity are approximately equal in the value of

—2m/r "™ However, this is only true in the case that almost all the mass of the
systrem is concentrated in the centre of mass, as for example in the solar system. So
far, the weak gravitational field is originated by one massive object. But things get
complicated, when we focus on the collapse of a cloud of particles, where each
particle contributes to the total mass and field. It is in this case, that the radial
velocity as measured in the proper time of the co-moving object, even in the case of
non-relativistic velocities, starts differing considerably from the time of the external,
terrestrial observer. Parting from the geodesic equation in general relativity, for a
cloud of dust particles, taken from the classic work of Landau and Lifshitz,”
Cooperstock and Tieu obtain the following geodesic equation for dust particles or
objects, as measured by an external (terrestrial) observer:

ds®> =dr® —e""PdR* —r* (r,R)(dO* + sen’Ode’)  (58)

In this case, “a freely falling dust particle maintains constant space coordinates for
all time,” and the exact solution of the four non-trivial Einstein field equations that
apply in this case, “assumes a surprisingly simple form” in the form of the following
two equations:

% The Schwarzschild metric in Cooperstock and Tieu is g,, = (1—2m)/r and g, = —(1 /(1-2m/ r)), the
difference with the Schwarzschild metric in John Auping, Origen y Evolucion del Universo (2009), Appendix VI B,
equation 382, p. 692, is that g,, in Cooperstock and Tieu is my — g,, (Q4q = —(l - 2GM/CZF)), and g, in

Cooperstock and Tieuis my — g,, (g, = 1/(1 - 2GM/CZI”)), with C. & T. normalizing with G =1 and ¢ =1
% Fred Cooperstock and Steven Tieu “General relativistic velocity: the alternative to dark matter”, in: Modern
Physics Letters A vol. 23 (2008): 1748

% The equation (103.1) in L. Landau & E. Lifshitz, The Classical Theory of Fields, 4" revised ed. (2002):339 is the
equation (9) in Fred Cooperstock and Steven Tieu, “General relativistic velocity: the alternative to dark matter”, in:
Modern Physics Letters A vol. 23 (2008): 1748

?! Fred Cooperstock, General Relativistic Dynamics (2009): 142
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1 ("')2
“TEn

and 7*=ER)+ FR) (60)
r

where E(R)and F(R) are functions of integration. This leads to the following
average radial velocity equation:

RSV EE TN [

dt szrip? |F T\(F) 2F)| o

which “stands in sharp contrast to the very simple Newtonian-like expression

Vieat = =B = _\E (62)
rkF

9592

!

and where a=——  (63)
3F

and p= F,z (64)
rr'r

The factor F is the “accumulated mass function”™” conceived as a function of the
radius R of the galaxy cluster (wherein the average radial velocity is supposed to be
known)

F(R)=kR” and M(R)=F({R)/2"" (65)
For example, in the case of the Coma cluster, Cooperstock has the following
values of the mass function: F =6.641*10"°R'"** = F'=9.649*10"°R** =
F"=4371*%10"°R "

These equations permit us to reconstruct the relation between radial velocity, galaxy cluster
mass and galaxy mass density, in a relativistic model, without necessity of non-baryonic dark
matter. For example, in the case of the Coma cluster, the radial velocity expressed as the ratio

2M(R,)/r, is of the order of 10~ “if we assume, as would a Newtonian, that there exists dark

matter present to account for the observed velocities” and of the order of 10~ “if we accept only
the existence of the matter that we see.” Now the problem we face is whether we can reconcile
the ‘observed velocities’ and the ‘baryonic matter that we see’, without resorting to dark matter.
Cooperstock argues that we can, with the help of the relativistic radial velocity equation (61) and
the accumulative mass function of BOX 6. In stead of boosting the mass of the galaxy by adding
dark matter, we boost the velocity based on visible baryonic matter using relativistic
gravitational dynamics. Assuming the baryonic, visible mass is 20% or 30% or 40% of the
supposed total mass within a sphere of 3 Mpc of 1.3*10"° solar masses, we obtain a ‘boost
factor’ n of the supposed Newtonian radial velocity associated with only observed baryonic
mass (dr/dt =—nf) of n=2.23, n=1.82 and n=1.58, respectively, to obtain the relativistic

%2 Fred Cooperstock, General Relativistic Dynamics (2009): 146
% Fred Cooperstock, GeneralRrelativistic Dynamics (2009): 149
** Equations (10.26) and (10.19), respectively in Fred Cooperstock, General Relativistic Dynamics (2009): 149,143
% Fred Cooperstock, General Relativistic Dynamics (2009): 148
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radial velocity. Since the observed average radial velocity and all the terms at the right hand side
of the relativistic radial velocity equation (61) are known, we can obtain the value of the change

of mass density over time (0 p/0t), that is 2.13*10 ™ kg/m’ /s, 2.62*10* kg/m’ /s and

3.02*%10* kg/m’ /s, respectively. “Rates of density changes of the order of magnitude

10 kg/m’ /s are quite reasonable as over a period of one billion years”,96 which is the time

of the evolution of the Como galaxy cluster. Cooperstock concludes that, while this is only one
example, “and a very rough one at that, ... we have been able to account for the observed
velocities of galaxies within a cluster .... solely within the framework of general relativity and
without any extraneous dark matter.”’

Cooperstock comments his findings:

“When the gravity was deduced to be weak within these clusters, astronomers naturally turned
to Newtonian gravity to correlate the seemingly anomalously large galactic velocities that they
measured with the masses that they believed to be present. In this manner they initially deduced
that there must be unseen “dark matter” in the order of 100 times as much as the visible matter
to make the mass totals accord with the veloicities. However, with the later discovery of very
large quantities of gaseous matter, this figure was reduced dramatically but there still remained
a large quantity of matter yet to be accounted for. This apparent need is still promoted
vigorously by researchers throughout the world. It has spawned a plethora of paspers
advocating new particles that would conceivable play the role of this exotic missing material.
However, we have seen that, insofar as high rotational velocities of stars in galaxies as the basis
for the need for dark matter is concerned, the replacement of Newtonian gravity by general
relativity removes this requirement. An essential point is that the nonlinearities of general
relativity play an important role in systems of freely falling gravitating masses, leading to
expressly non-Newtomian behavior, even when the gravitational field is weak. (...) Had Zwicky
done this calculation 70 years ago with general relativity in mind, he might have come to very
different conclusions regarding the requirement for vast stores of exotic dark matter. "

4.2.- Brownstein & Moffat

Brownstein and Moffat too presented a relativistic model of galaxy clusters explaining their
radial velocity and total mass without the necessity of non-baryonic dark matter.”” They do not
start with the geodesic equation, as Cooperstock and Tieu do, but with Newton’s laws of
acceleration and gravitation, transformed by Einstein’s general relativity. In Mathematical Box
(8), I present their physical-mathematical argument and thereafter, by way of illustration of the
results, I reproduce the graph of the galaxy cluster Coma, which permits us to compare the total
mass estimates in the Newtonian and relativistic gravitational models.

% Fred Cooperstock, General Relativistic Dynamics (2009): 152

°7 Fred Cooperstock, General Relativistic Dynamics (2009): 152

% Fred Cooperstock, General Relativistic Dynamics (2009): 148, 153.

% Joel Brownstein and John Moffat, “Galaxy Cluster Masses Without Non-Baryonic Dark Matter”, in: Monthly
Notices of the Royal Astronomical Society (2005): 1-16
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MATHEMATICAL BOX 7. RELATIVISTIC ESTIMATE OF THE MASS OF
GALAXY CLUSTERS ACCORDING TO BROWNSTEIN AND MOFFAT

Brownstein and Moffat apply general relativity to the gravitational dynamics of 106
galaxy clusters that emit X-ray radiation that had been previously analyzed by
Reiprich and Bohringer with Newtonian gravitational parameters. Brownstein and
Moffat part from a Riemannian pseudo metric tensor and a third rank skewed
symmetric tensorial field, called metric-skew-tensor-gravity. The cluster mass derived
from their relativistic model is M ;.. On the other hand, the same cluster mass

derived from Newtonian dynamics is M, . The mathematical argument permits
comparing both mass estimates. The Newtonian acceleration is:

G,M(r)
aN (r) == Orz (66)
so that the total Newtonian mass estimate is:
a(r)r 2

My(r)=— (67)

0

For a spherical, isotropic and isothermal gas cloud, the acceleration, in both
Newtonian and relativistic models, is:

a(r)=—3ﬂkT£ — 2J (68)

pum, \ r°+r,

From equations (67) y (68), we obtain the total cluster mass equation in the

Newtonian model:
3kT 7
M) =-F { : J (69)
um, Gy \ re +r,

and since the relativistic acceleration is:

G(rYM r
a(r) - _ ( ) ;MSTG( ) (70)
the total cluster mass in the relativistic model is:
a(r)r’
M, r6(r) =— G(r) (71)

From equations (68) and (71), we obtain the total cluster mass in the relativistic

model:
3pkT r
M r)=-— 72
st (7) ,umpG(l’)[rz +r02J (72)

Combining the equations (69) and (72), we obtain the relationship between the total
mass estimates in the Newtonian and relativistic models:
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M y5r6(r) = C%MN (r)y (73)

In other publications, Moffat and Brownstein obtained the equation for the

gravitational constant in a very large galaxy cluster with radius r ;100

M
G, =lmG(r)=G,1+ | -2\ (74)
>>1 \Mgas

From equations (73) and (74), we obtain:

M,
\M

MMSTG =<1+ M, (75)

gas

The values of 7, and M, are constant:
r,=r,, /10 for r, <650kpc (76 A)
r, =139.2kpc for r, > 650kpc (76 B)

0.39
M.,
and M0:58.8*1014MSOL(M‘¥“) (717)
10“M,,

From equation (75), the reader may appreciate that the relativistic total mass
estimate is much less than the Newtonian estimate, which allows us to get rid of the
speculations on ‘missing mass’ and non-baryonic dark matter’, according to
Brownstein and Moffat: “we have used the simplest [relativistic] isotropic [f -model

based upon hydrostatic equilibrium to fit the X-ray galaxy cluster data without the
need for exotic dark matter.”""

The following graph of Brownstein and Moffat allows us to appreciate the difference between
the relativistic and Newtonian total mass estimates of the Coma galaxy cluster. The difference
between the relativistic and Newtonian total mass estimates is equivalent to the Newtonian non-
baryonic dark matter estimate, so that, in the relativistic model, the non-baryonic dark matter
speculation is not needed. The authors reproduce similar results for another 105, X-ray radiating,
galaxy clusters from the Reiprich and Béhringer sample.'*

1% Joel Brownstein & John Moffat, “Galaxy Rotation Curves Without Non-Baryonic Dark Matter”, arXiv:astro-
ph/0506370 (2005); and John Moffat, “Gravitational Theory, Galaxy Rotation Curves and Cosmology without Dark
Matter”, arXiv:astro-ph/0412195 (2005) and “Scalar-Tensor-Vector Gravity Theory”, arXiv:gr-qc/0506021 (2005)
1% Joel Brownstein and John Moffat, “Galaxy Cluster Masses Without Non-Baryonic Dark Matter”, in: Monthly
Notices of the Royal Astronomical Society (2005): 5

192 Joel Brownstein y John Moffat, “Galaxy Cluster Masses Without Non-Baryonic Dark Matter”, in: Monthly
Notices of the Royal Astronomical Society (2005): 8-16
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Graph.- Relativistic and Newtonian total mass estimates of the galaxy cluster COMA 103

We saw above the case of the Bullet Cluster 1E0657-558, the mass of which could not be
explained, within Newtonian gravitational dynamics, without the presence of non-baryonic dark

matter, with a non-baryonic / baryonic mass rate of M ,, /M, =3.17, according to Clowe and

his team.'” However, Brownstein and Moffat have proven that in relativistic gravitational

dynamics, the dark matter hypothesis is not needed. The following table gives the results for the
Bullet Cluster in the different models.

TABLE.- NEWTONIAN AND RELATIVISTIC TOTAL MASS ESTIMATES OF THE
BULLET CLUSTER 1E0657-558

Type of matter Newtonian model Relativistic model
Clowe et al.'” Brownstein & Moffat'"

Baryonic 24 % 100 %

-ICM gas No estimate given 83 %

-visible stars (galaxies) No estimate given 17 %

Non-baryonic 76 % 0 %

19 Joel Brownstein y John Moffat, “Galaxy Cluster Masses Without Non-Baryonic Dark Matter”, in: Monthly
Notices of the Royal Astronomical Society (2005): 7

1% See Section 1

1% Douglas Clowe et al., “A direct empirical proof of the existence of dark matter”, arXiv:astro-ph/0608407,
reproduced thereafter inn: Astrophysical Journal Letters (2006). For big galaxy clusters, Bohringer estimates that
the baryonic mass, on average 15% of total mass, is distributed between the interstellar medium (13%) and stars
(2%), and non-baryonic dark matter is 85% (See Section 1).

1% Joel Brownstein & John Moffat, “The Bullet Cluster IE0657-558 shows Modified Gravity in he Absence of Dark
Matter”, arXiv:astro-ph/0702146. Moffat’s and Brownstein’s Modified Gravity model (MOG) is not to be confused
with Milgrom’s MOND model, because the former is a relativistic model and the latter, Newtonian (See
mathematical BOX 6).
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Part 5.- Concluding remarks from the point of view of philosophy of science.-

It is time for a conclusion, in the words of Cooperstock: “For the most part, astronomers
continue to ignore general relativity in making deductions from observations. Thus an industry
has arisen of massive computer simulations with billions of conjectured dark matter particles.
The claim has been made that these simulations confirm that the CDM (cold dark matter) model
of structure formation is in accord with observed structures in galaxy surveys such as the Sloan
Digital Sky Survey. However, the basis for these simulations is Newtonian gravity. The lesson
from our work is that the best theory of gravity, general relativity, is capable of providing
surprises,” in making the dark matter hypothesis superfluous.'”’

We can put this conclusiobn in terms of Popper’s philosophy of science. Popper defines
refutability as the demarcation between scientific theories and not-scientific theories. Let us see
the following example:

a) Universal statement: “all swans are white”.

b) Basic statement that refutes the universal statement in a specific space-time region: “right
here and now we observe this black swan”.

c) Existential statement: “black swans exist.”

Logically, the verification of the basic statement (b) refutes the universal statement (a) and
verifies the existential statement (c). However, the statement “no black swans to be seen here”,
which refutes the basic statement (b), does not refute the existential statement (c), nor does it
corroborate the universal statement (a), because there may be other space-time regions where
black swans do exist. This is why we say that universal statements can be refuted, but cannot be
corroborated, and existencial statements can be corroborated, but cannot be refuted.

TABLE.-REFUTABILITY AND NON-REFUTABILITY OF 3 KINDS OF STATEMENTS

UNIVERSAL BASIC EXISTENTIAL
STATEMENT STATEMENT STATEMENT
Refutable by the Yes Yes No
facts
Verifiable by the | No Yes Yes
facts

Since both universal and basic statements are refutable, they are both scientifc. However,
existential, or metaphysical, or theological statements or those of science fiction cannot be
refuted by the facts of the physicsal world and are therefore not scientific, which does not mean
that they cannot be useful. For example, philosophy of science is metaphysics, its statements
cannot be refuted by the facts, but it is very useful. The frontier between scientific and not-
scientific statements, asccording to Kartl Popper, is the refutability principle.'®®

I will now add a few points to Popper’s philosophy of science. He did not take into account the
possibility that two theories, one scientific and one speculative, can both be corroborated by the
facts. What would be the demarcation principle in such a case? Let me first explain the

197 Fred Cooperstock, General Relativistic Dynamics (2009): 159
1% Karl Popper, Conjeturas y Refutaciones (1989):63-64
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difference between scientific and speculative statements. A scientific hypothesis establishes a
physical law that causally relates an observable cause and andlan observable effect. A
speculative hypothesis establishes a physical law that explains an observable effect by an
unobservable cause. For example, the hypothesis that explains galaxy rotational velocity curves
by dark matter in a Newtonian gravitational theory is a speculative hypothesis. And the
hypothesis that explains the flat rotational velocity curves of spiral galaxies in a relativistic
gravitational theory is a scientific hypothesis.

Speculative hypotheses are necessary in the history of science. After some time, however, with
the advance of scientific theories and/or scientific observations, a speculative hypothesis may
end up competing with a scientific theory, where the originally unobservable cause can be
substituted by an observable cause. It is my view that when two explanations, derived from two
different, but orthodox scientific theories, compete with each other, we have to give preference to
the orthodox theory that postulates an observable cause over the orthodox theory that postulates
an unobservable cause.

The following scheme explains these different possible developments of a speculative
hypothesis
Graph.- Scientific and speculative hypothesis

OBSER-
YABLE
EFFECT

& SCIEWTIFIC HYPOTHESIS ESTABLISHES & FEFUTABLE FHYSICAL LAW
THAT EXPLAINS &N OBSERVABLE EFFECT BY &N OBSERVABLE CAUSE

OBSER-
YABLE
EFFECT

& SPECULATIVE HYPOTHESIS ESTABLISHES & REFUTABLE PHYSICAL LAW
THAT EXPLAIMS &N OBSERVABLE EFFECT BY AN UNOBSERVABLE CAUSE

ORTHODOX ORTHODOX
THEQORY & A B THEORY B

EXAMPLE &) NEWTONIAN GRAVITA- | EXAMPLEB) FELATIVISTIC GRAVI-
TIOHAL THEORY EXPLAINS THEFLAT |TATIOMAL THEORY EXPLAINS THE
FOTATIOWAL VELOCITY CURVEBY FLAT ROTATION CURVEBY VISIELE
INVISBLE BLACK MATTER TOGETHER. |BARYONIC MATTER ALONE

WITH VISIBLE BARYONIC MATTER.
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Part 6.- The origin of the speculation on dark energy

Modern cosmology supposes that, on a large scale, the Universe is flat, that is to say, Q, =1

tot

and Q, =0. Furthermore, empirical observations seem to indicate that Q, =0.3.'"” The

difference between 2, and ,, is usually explained by the speculation on dark energy and the

dark energy density Q,. This interpretation is based on the ACDM model, that has been

developed and refined during the last ten years,''® and that implies the assumptions of Newtonian
gravitational dynamics and a homogeneous Universe. I evaluate the dark energy hypothesis in
Part 6, and in Part 76, I analyze the alternative Buchert-Wiltshire model, which reached a certain
degree of maturity only two years ago.''" The latter model makes the speculation on dark energy
superfluous, and is based on the assumptions of relativistic gravitational dynamics and an
inhomogeneous Universe. This new model is capable of explaining the same astrophysical
observations as the ACDM model, that is to say the acceleration of the expansion of the
Universe; the evolution of large structures over time; and the anisotropies of the Cosmic
Microwave Background Radiation (CMBR), though from a radically different theoretical
perspective,.

Part 6 has the following sections:
1) the evidence in support of the hypothesis on the acceleration of the expansion of the Universe
2) Bayesian probability calculus
3) the evolution of the gravitational dynamics of galaxy clusters
4) the form of the anisotropies of the cosmic background radiation ( CMBR)
5) the attempts at theoretical explanation of the nature of dark energy

6.1.- Dark energy and the acceleration of the expansion of the Universe

Kirshner points out that the dark energy in Guth’s speculation about early inflation is not the
same dark energy as the one driving the recent acceleration of the expansion of the Universe: "a
large dollop of dark energy whose negative pressure drove the inflation era and another, much
longer-lived dark energy that drives cosmic acceleration now.”''? At the end of the 1990s
evidence was presented in favor of the conjecture about the recent acceleration of the expansion
of the Universe, in a local close by region (on the basis of the model with Q,, ~0.3,Q, =0.7).
I am speaking of the observations of luminosity and redshift of supernovae type la, discovered in
the Supernova Cosmology Project of Saul Perlmutter and his team'" and the High-z Supernova
Search Team, of Robert Kirshner and Adam Riess and their team.'"* According to Kirshner, the

19 See Section 13.5, in John Auping, EI Origen y la Evolucion del Universo (2009)

"9 Joshua Frieman, Michael Turner & Dragan Huterer, “Dark Energy and the Accelerating Universe”,
arXiv:astro-ph/0803.0982 (2008)

""" David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages,” in: New Journal of Physics (2007)

12 Robert Kirshner, The Extravagant Universe (2002): 138, mis negrillas

'3 Saul Perlmutter, “Medidas de Omega y Lambda de 42 supernovas de gran corrimiento al rojo”, en: Astrophysical
Journal vol. 517 (1999): 565-586

"4 Adam Riess, “Prueba observacional de las supernovas para un Universo en aceleracién y una constante
cosmologica,” en: Astronomical Journal , vol. 116 (1998): 1009-1038; y Robert Kirshner, The Extravagant
Universe (2002)
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estimate of the distance of supernovae on the basis of their redshift, supposes a Hubble constant
of £70/s/ Mpc, and implies a reduction of the error margin of 40 to 70%.

According to these data, type la supernovae that are relatively close by have a redshift that is
larger than would be expected in the case of a decelerating expansion of the Universe, indicating
that in the last thousands of millions of years the expansion is accelerating. Many cosmologists
attribute this recent expansion acceleration to a modern edition of the ancient cosmological
constant, first proposed by Einstein. ''> The sum of the mass density of Q v = 0.3 and the dark

energy density of 2, ~ 0.7 yields a total density of €, =1, as can be seen in the next graph.

tot

Graph.- Computer simulation of the Friedmann-Lemaitre model with cosmological constant

Graph.- The apparent acceleration of the expansion of the Universe He

15 Robert Kirshner, The Extravagant Universe (2002): 223
16 Image reproduced in Robert Kirshner, The Extravagant Universe (2002): 223
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The same data presented by the Kirshner-Riess and Perlmutter teams led Karttunen and his
colleagues, in 2003, to a more cautious interpretation: “a choice of model cannot be made on the
basis of these observations.”"!” In 2001, Robinson had made the same point, that is, that the
original supernovae type la observations can be consistent with A =0.7 and Q,, =1, as well as

with A=0 and Q,, =0.3.'"®

However, years later both teams presented again observations of the same phenomenon, but
this time more precise ones, made with the Hubble Space Telescope and reduced the error
margin of the observed luminosity considerably. In 2003, Knop and Perlmutter and their team
presented data of 11 supernovae of high redshift observed by the Hubble Space Telescope'” and
in 2004, Riess and Kirshner and their team used the same telescope for more precise
observations of 16 recent supernovae and revaluated the past evidence of 170 supernovae type la
and affirmed having corroborated once again the hypothesis of the recent acceleration of the
expansion of the Universe.'?’ They also affirmed that the historical transition from deceleration
to acceleration occurs at a distance that corresponds to a redshift of z=0.46+0.13. In 2005,
Astier and his team published their estimates of the cosmological parameters on the basis of
observations of 71 high redshift type la supernovae discovered during the first year of the
Supernova Legacy Survey (SNLS) that will last a total of five years.'*'

6.2.- Baysesian probability calculus.

Recently, in the cosmological literature, the concept has emerged of “model-independent
cosmology” in recognition of the fact that the supposed corroboration of certain interpretations
of observational data depend on certain values of the model’s parameters which in themselves
are dependent on the truth of certain assumptions, for example, the validity of Newtonian
gravitational dynamics, and the homogeneity of the Universe. The interpretations are ‘“model
dependent”. First, certain parameter values are programmed in the computer software and then
the computer produces results that are compatible with these assumptions and validate the
interpretations. From the point of view of logic, these model-dependent interpretations are not
really corroborated by the data but rather shown to be compatible with them, and other
interpretations, based on other models, might also be compatible with the same data.

In 2005, Moncy John, an astrophysicist from India, was among the first to propose “a model-
independent, cosmographic approach to cosmology,”122 using Bayesian probability calculus.

"7 Hannu Karttunen and others, Fundamental Astronomy, Fourth Edition (2003): 374
"8 Michael Robinson, Los nueve niimeros del Cosmos (2001): 172

"9 Rob Knop, et al., “New constraints on w» €, , and w from an Independent Set of Eleven High-Redshift
Supernovae Observed with the HST ” (2003), arXiv:astro-ph/0309368
120' Adam Riess er al., “Type Ia Supernova Discoveries at z<1 From the Hubble Space Telescope: Evidence for Past

Deceleration and Constraints on Dark Energy Evolution”, arXiv:astro-ph/0402512 and Astrophysical Journal, vol.
607 (2004): 665-738

"2l Pierre Astier et al., “The Supernova Legacy Survey: Measurement of € v €, and w from the First Year

Data Set”, arXiv:astro-phy/0510447 (2005)
'22 Moncy John, “Cosmography, Deceleration Past, and Cosmological Models: Learning the Bayesian Way”, in: The
Astrophysical Journal vol. 630 (2005): 667
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This method permits calculating the probability that certain data, based on empirical
observations are generated in a Universe that corresponds to a certain theoretical model. At the
same time, one calculates the probability that the same data correspond to another theoretical
model of the Universe. Then one compares these different probabilities, in order to decide which
model has a greater probability of not being false. This decision does not impede two important
facts, in the first place, the fact that various theoretical models are compatible with the same
data, and in the second place, the fact that as a result of the variation of these empirical data in
different samples, different samples (for example, of type 1a supernovae), can generate different
levels of probability for the same theoretical model.

Using the data of the Knop-Perlmutter and Riess-Kirshner teams, Moncy John discovered that
“the Bayesian analysis shows that ... there is no evidence from supernovae data to conclude that

a changeover from deceleration to acceleration occurred anywhere in the past 5*10'7 s .”'* The

past 5*10'7 seconds are the last 15 thousand million years, that is, the total age of the Universe.
A second important conclusion of Moncy John is “that the present analysis rules out neither the
accelerating nor the decelerating models; instead we can safely conclude that the data cannot
discriminate between these models.”'**

MATHEMATICAL BOX 8, BAYESIAN PROBABILITY CALCULUS'*

“Bayesian evidence” E(M) in favor of some cosmological model M is defined as the

probability P that certain empirical data D are observed in a sample, in the case that
this model would be the one that corresponds to the physical reality of the Universe:

E(M)=P(DM) (78)
and the Bayes factor is the rate of the Bayesian evidence for both models M, y M, :
EM,
= #,) (79)
7 EWM,)

If B, > 1, we prefer model M, over model M E and vice-versa, if 0< B, <1, we

prefer model M, over M,. Then we draw the natural logarithm of the Bayes Factor, in
order to compare the different models M, and M ; with a basic model M ,:

ifO<BOl.:i(AAj°))<l = InB, <0 (80)

= so we prefer M, over M ;
EM
l:f BOZ- — ( 0) —
E(M,)
= both models, M, and M are plausible;

1 = IB,=0 (81)

' Moncy John, “Cosmography, Deceleration Past, and Cosmological Models: Learning the Bayesian Way”, in: The

Astrophysical Journal vol. 630 (2005): 672

124 Moncy John, “Cosmography, Deceleration Past, and Cosmological Models: Learning the Bayesian Way”, in: The
Astrophysical Journal vol. 630 (2005): 672

'25 Harold Jeffreys, The Theory of Probability, 3™ edition (1998)
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E(M,)
EM,)

1

if B, = >1 = InB,>0 (82)

= we prefer M, over M,.

Of course,

lnBOi‘ values close to zero make the model comparison inconclusive, as

can be appreciated in the following table from Roberto Trotta.'*® For example if the
Bayes factor is In B, =0.139762 = (P(M ) =1.15P(M,):

In B, B, =P(M,)/ P(M,) | Probability | Strength evidence
<1.0 <3:1 <0.750 Inconclusive
1.0 ~3:1 0.750 Weak evidence
2.5 ~12:1 0.923 Moderate evidence
5.0 ~150:1 0.993 Strong evidence

This inductive method is analogous to the y°, where the observed distribution is

compared to the expected distribution under the null hypothesis, and a decision is made
whether this difference is statistically significant.'”’

Following the road initiated by Moncy John, Elgaroy and Multamiki analyzed two type la
supernovae samples, that is, the Riess-Kirshner —also called the ‘Gold’ sample by Elgaroy and
Multaméky— and the Astier sample (SNLS).'*® The base model M , With which both samples
are compared is a flat Universe (k£ =0) with a constant slightly negative deceleration factor ¢
and linear expansion,'” which differs from the ACDM model that has a transition from
deceleration to acceleration. There are various surprising results of this Bayesian analysis:

1.- In the Gold sample, the more probably true model, is a closed Universe (k = +1), with a
slight and constantly negative deceleration parameter (g, =—0.04 )."** The model that comes

second is a flat Universe (k = 0), also constantly accelerating (g, = —0.29 ).

2.- In the SNLS sample, the model most probably true is a flat Universe (k=0), also with
constant acceleration (g, =—-0.42 ).** In the second place comes a model of a flat Universe

126 R. Trotta, “Bayes in the sky: Bayesian inference and model selection in cosmology,” en: arXiv:0803.4089, p. 14
127 See Philip R. Bevington & D. Keith Robinson, Data reduction and error anslysis for the physical sciences (2003)
28 @yystein Elgaroy & Tuomas Multamiki, “Bayesian analysis of Friedmannless cosmologies,” arXiv:astro-
ph/0603053

i 1 a a ad
¥ q(z)= Zqizl .The authors define g = Ty which, given that H = —, implies ¢ = — so that if
a a

2 T2
a
q <0 = d >0 (acceleration of the expansion) and if ¢ >0 = d < 0 (deceleration).
B Ln(B,,)<0; g, =—0.04; y > =191.1. The authors do not explain how a closed Universe can have a

slightly negative deceleration, which is a slightly positive acceleration.

B Ln(B,,) =0; q, =—0.29; > =182.8
132 In(B,,) =0; q, =—0.42; > =112.0
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(k=0), with a non-constant and non-linear deceleration parameter and a transition from
deceleration ¢, to acceleration ¢, and ¢,: (g, =—0.60; g, =—0.60; g, = +0.61)."%*

3.- However, in both samples the most probably true model has a constant linear expansion, and
this fact implies there was never a transition from deceleration to acceleration in the expansion of
the Universe, according to Elgaroy and Multaméki:

“[T]he best model in both cases has q(z) constant. It therefore seems fair to conclude that

there is no significant evidence in the present supernovae data for a transition from deceleration
to acceleration, and claims to the contrary are most likely an artifact of the parameterization
used in the fit of the data. (...) It is at the moment not possible to say anything about when, or
indeed if the Universe went from deceleration to acceleration. »134

4.- Another important conclusion is “that the two samples do not enable us to draw conclusions

about the underlying model, [since] there is no evidence that anything beyond a constant,
. . . . . 5135

negative deceleration parameter is required in order to describe the data.

Shapiro and Turner follows followed the same line of reasoning as Moncy John and Elgaroy
and Multamiki."*® They showed that the interpretation of supernovae type la data by the Riess-
Kirshner, Knop-Perlmutter and Astier teams, start from certain assumptions that are not
necessarily true. Shapiro and Turner show that other interpretations are possible, for example, “a
long epoch of recent deceleration is consistent with the data at the 10% [confidence] level” y
“the present SNe la data cannot rule out the possibility that the universe has actually been
decelerating for the past 3 Gyr [=three thousand million years] (i.e., since z=0.3 ).”137 If we
abandon the assumption, that is part of the standard ACDM model, *® that the Universe is flat,
another interpretation is possible, that is, “a positively curved universe with constant negative
acceleration [=a closed universe, with constant deceleration] fits the gold set surprisingly well,
and allowing q [=the deceleration parameter] to vary does not significantly improve the fit.”'>°

In synthesis, the Bayesian analysis realized by Moncy John, Elgaroy and Multamiki, and
Shapiro and Turner, reveals that certain empirical data are compatible with the standard ACDM
model, but this compatibility does not corroborate this model, because other possible models

133 Ln(B,,)=0.6; g,=-0.60;¢q, =-0.60; g, =+0.61; y* =110.5. These data do not imply that the
M, model (flat Universe, with a transition from deceleration to acceleration) is the more probably true one, but, on

the contrary, the M ; model with constant negative deceleration is almost twice as probably true as the M/, model.

% Gystein Elgaroy & Tuomas Multamiki, “Bayesian analysis of Friedmannless cosmologies,” arXiv:astro-
ph/0603053, p.5, 6

3 Gystein Elgaroy & Tuomas Multamiki, “Bayesian analysis of Friedmannless cosmologies,” arXiv:astro-
ph/0603053, p.7

136 Charles Shapiro & Michael Turner, “What do we really know about cosmic acceleration?”, in: Astrophysical
Journal vol. 649 (2006): 563-569

"7 Charles Shapiro & Michael Turner, “What do we really know about cosmic acceleration?”, in: Astrophysical
Journal vol. 649 (2006): 566, mis negrillas

138 In this model, the parameter for the equation of state has a value of -1 (w = P/ Prc =—1).

'3 Charles Shapiro & Michael Turner, “What do we really know about cosmic acceleration?”, in: Astrophysical
Journal vol. 649 (2006): 568
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exist, which, with different degrees of probability of not being false, can explain the same
observational data.

6.3.- Dark energy and the gravitational dynamics of galaxy clusters

In 2006, Longair pointed out that the observation of large scale structures, as, for example,
galaxy clusters in different stages of the evolution of the Universe, do no permit distinguishing
between different cosmological models, at the present moment of the history of the Universe. On
the basis of some super computer simulations, run by Guinevere Kauffmann and her team,'* he
compared the evolution of large scale structures in four types of universes, among them: '*'

1.- The same large scale structures generated in a flat Universe with cosmological constant, in

the ACDM standard model, so that Q, +Q, =1, with Q, =0.7.

2.- Large scale structures generated in an open Universe without a cosmological constant,
OCDM (=open cold dark matter), with an overall density parameter of approximately 2, =0.3.

3.-7CDM Large scale structures generated in an open Universe without a cosmological constant
with cold dark matter and decaying neutrinos.

According to Longair, there is no difference in the results of the dynamics of the subjacent
model, if we compare the A CDM model (with Q, =0.7) with the OCDM and 7 CDM models
(with , =0). He argues that “this is because the dynamics only differ from Q, =0 (..) in the
late stages of evolution of the Universe when the effect of the cosmological constant is to stretch
out the timescale of the model, allowing some further development of the perturbations.”"** The
structures with a larger redshift are farther away from us in space and time. For that reason, if we
go from the right to the left in the following images, from z =0 to z =3, the size of the same
object is diminishing progressively,'” and the angle from which we observe the object is
progressively smaller. The important fact is that the A CDM , on the one hand, and the OCDM
and 7 CDM series of images, on the other hand, the first one with and the second and third ones

without the cosmological constant, are identical. There do not yet appear differences due to the
cosmological constant, in none of the four stages of the evolution of the Universe that are
contemplated. According to Longair, the differences would appear in later stages of its evolution
that we have not yet reached.

The original authors of these images, Guinevere Kauffmann and her team, say exactly the same
as Longair comparing ACDM (Q,, =0.3;Q, =0.7) and tCDM (€ =1): “Although neither
model is perfect both come close to reproducing most of the data. Given the uncertainties in

10 Guinevere Kauffmann et al., “Clusters of galaxies in a hierarchical Universe, in: Monthly Notices of the Royal
Astronomical Society, vol. 303 (1999): 188-206

! Malcolm Longair, The Cosmic Century (2006): 414

142 Malcolm Longair, The Cosmic Century (2006): 415, my underlining.

'3 If we take the age of the Universe as a function of the matter density and the redshift of light, we can calculate
the different values of z . See Edward Kolb & Michael Turner, The Early Universe (1994): 504, whose equations

yield ¢t =2.0571* 10]7(Q0h2)_”2(1 +2)7%s, (Q,=0.28;1=0.7) > ¢t =17.6 thousand million years
for z=0; t =11.1 thousand million years for z=1; # =8.5 thousand million years for z=2;and t =7.0
thousand million years for z =3 .
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modeling some of the critical physical processes, we conclude that it is not yet possible to draw
firm conclusions about the values of cosmological parameters from studies of this kind.” '**

Graph.- Computer models of the Universe with and without cosmological constant 145

4 Guinevere Kauffmann, Jorg Colberg, Antonaldo Diafero & Simon White, “Clustering of Galaxies in a
Hierarchical Universe: I. Methods and Results at z=0", in: Monthly Notices of the Royal Astronomical Society, vol.
303 (1999): 188-206 (quote on p. 288; also arXiv:astro-ph/9805283, 21 May 1998) & “II. Evolution to High
Redshift”, ibidem, vol. 307 (1999): 529-536 (also arXiv:astro-ph/9809168, 18 September 1998). My underlining.

145 Malcolm Longair, The Cosmic Century (2006): 414
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6.4- Dark energy and the cosmic microwave background radiation CMBR

Modern cosmology analyzes the CMBR from different angles, in order to measure the small
variations or anisotropies of that radiation, that were first discovered by George Smoot and his
team.'* Supposedly, these anisotropies prove that the Universe has a flat geometry, which would
imply that dark energy exists. By way of example, I reproduce a graph to be found in Longair.
The curve is generated by the computer, with he help of a Legendre function, while the software
has been programmed with the values of the parameters of some predetermined cosmological
model. In the case of the graph reproduced below, the assumption is made that the ACDM

model, with non zero cosmological constant, is the valid one, with a matter density of Q,, = 0.3
and a dark energy density of 2, ~0.7. The black points in the graph represent the observations:
in the horizontal axis we read the angle from which the observations are made, and in the vertical

axis one reads the magnitude of the observed anisotropies. The maximum variation in the
temperature is one in hundred thousand.

Graph.- The ACDM model is compatible with the anisotropies of
the cosmic background radiation CMBR 197

If one looks at this graph, one may think “well, there is no doubt here, the facts corroborate the
theory”. Things are not as simple, however, as they appear to be at first sight. In the first place
(A), these observations (the dots) are a kind of ‘average’ of many observations that yield wildly
varying results among themselves. In the second place (B), the curve (the continuous line) is
model-dependent.

A.- Uncertainties.- The following graph of Tegmark, Zaldarriaga and Hamilton, published in the
year 2000, presents the observations made by 27 different teams of cosmologists. The curve that
best fits these discrepant observations is the solid red line, a kind of ‘average’ of the 27 different series

of data. It represents a cosmological model with a closed Universe (€2, =1.3 ),'*® which is of
course quite different from the standard ACDM , where the Universe is flat (€2,, =1.0). For this

¢ George Smoot & Keay Davidson, Wrinkles in Time (1993)

47 Malcolm Longair, The Cosmic Century (2006): 424

%8 Max Tegmark, Matias Zaldarriaga y Andrew Hamilton, “Towards a refined concordance model: joint 11-
parameter constraints from CMB and large scale structure”, arXiv:astro-ph/0008167 (2000): p. 1
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reason, according to the authors, there is a need for complementing these observations of the
CMBR with other observations, to be able to arrive at the standard ACDM model .

Graph.- The discrepancy between 27 different observations of the anisotropies in the CMBR

B.- Model dependency.- In this graph of the year 2000, the cosmological model that lies at the
basis of the interpretation of the observational data is defined by 11 parameters. However, Uros
Seljak and Matias Zaldarriaga of Harvard perfected the model, and their 2009 version has 16
cosmological parameters, assumed to be true, among them the densities of cold dark matter, and
dark energy, and another 20 non-cosmological parameters, which makes a total of 36
assumptions. In the table below, I reproduce the 16 cosmological parameters of the CMBFast
model of Seljak and Zaldarriaga.'®

TABLE.- 16 COSMOLOGICAL PARAMETERS IN THE CMBFAST MODEL

149 Uros Seljak & Matias Zaldarriaga, “List of CMBFAST parameters,” CMBFAST Website
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If we vary, by way of example, just one of these 16 cosmological parameters, that is, the
assumption of homogeneity (the blue line), the maximum anisotropy varies considerably (red
and green lines) when we assume a non-homogeneous Universe. '

Graph.- Variation of +20% in the observed maximum anisotropy (red and green line)
when the assumed homogeneity of the Universe (blue curve) is abandoned

Explanation: Edward Kolb & Michael Turner, The Early Universe (1990): 384, 386
<‘ ‘2>_ AH!®  T@-n) T[QRl+n-1)/2]
Im

16 T[@4-n)/2] T[Q1+5-n)/2] (83)

<5T(Xl) or(%, > - Ly 1)<\a,m \2>P, (&, 5,)ep[-(+1/2)26]  (84)

T T 4 15

Let me explain the graph. The letter “l” in the horizontal axis represents the angle of
observation (the order of the polynomial of Legendre) and “C” in the vertical axis represents the
correlation between intensities and the anisotropy of the CMBR . The variation of the maximum
peak of the curve is due to the variation of the constant “n” that represents the degree of
homogeneity, the blue line representing perfect homogeneity. This is just an example of how the
selection of the values of the parameters affects the curve and, for that reason, can be used to fit
the observational data.

In other words, the assumptions of the model used to interpret the observational data, make
these data compatible with the concordant cosmological model but do not corroborate it.
Analogously, we may have 20 different economic models to explain a certain rate of inflation.
They may all succeed in doing so, though they may be wildly different among themselves. Of
course, if we demand that a model explain not one or two but, simultaneously two thousand
different types of observational data, at many points in time, the restraints on the model become
more severe. If such a model would succeed in doing so, we may say that the data corroborate
the theoretical model.

This model dependency, added to the considerable discrepancy of the observations by different
teams, makes it impossible to draw definite conclusions about the underlying cosmological

150 Computer simulation run by Alfredo Sandoval and John Auping with Wolfram’s Mathematica, using the
equations 9.144 and 9.148 of Edward Kolb & Michael Turner, The Early Universe (1990): 384, 386
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model. The data do not refute one model and corroborate another, but only prove that different
models, among them the standard ACDM are compatible wit the data. Given this model
dependency and the error margins in each of the 27 observations that vary considerably, ™" it
comes as no surprise that different models may succeed, with different degrees of probability, in
different samples, to predict the same observational data, as I explained in the foregoing section
on Bayesian probability. 152

From the point of view of the philosophy of science, we can formulate the same problem in
yet another way. When the observational data fit a theoretical model with 36 parameters, which
of these are really compatible with the data? We might increase the value of one parameter and
decrease the value of another one and the same data may fit the ‘new’ model. Of course, not all
parameters are that free. Some are not free at all, because they were corroborated independently
as part of some other theory. For example, the value of the primordial and the present helium
abundances —one of the 36 parameters of the model—, are known with a considerable degree of
certainty.' However, the values of other parameters are completely model-dependent. Among
the latter ones we may count the assumed homogeneity of the Universe, the temperature 7 of the
CMBR, the value of the Hubble constant H, the matter density 2,, and the space curvature

Q, . As we shall see below, in relativistic models some of these parameters may obtain very

different values and others are completely dropped, among them the supposed dark energy
density Q, ."**

151 See above, the graph “The discrepancy between 27 different observations of the anisotropies in the CMBR
152 See part 6.2

153 See Section 13.5 of John Auping, EI Origen y la Evolucion del Universo (2009)

154 See Part 7
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Part 7.- General relativity refutes the speculation about dark energy

In some textbooks, the expansion of the Universe is compared with an inflating globe, while
coins stuck on its surface move away from each other. The expansion of the globe is conceived
to be homogeneous and symmetric, so that the same rate of expansion is observed in all
directions. Most cosmologists too use the assumption of the homogeneity and isotropy of the
Universe to construct their models of its expansion. This assumption does not appear to be true.
Even though the Cosmic Microwave Background Radiation ( CMBR) reveals that the Universe,
some 300,000 years after the Big Bang, was almost perfectly homogeneous and isotropic, it is a
fact that the small inhomogeneities present at that time —as registered by the small anisotropies
of that radiation—, have since been magnified on a very large scale and today the Universe is not
homogeneous, but rather an ensemble of enormous voids surrounded by enormous walls of
galaxy clusters, like an enormous sponge.

Peebles analyzed the problem of the small scale inhomogeneity of the Universe, but concluded
that there is still evidence in favor of the assumption of large scale homogeneity and isotropy of
the Universe, > though he admitted certain biases do occur due to irregular mass distributions:

“The clumpy mass distribution in the real world can play quite different roles in different tests.
(...) Irregular mass distribution can produce a systematic error in apparent magnitudes of
galaxies, for the mass along the line of sight acts as a lens that determines the rate of change of
the convergence of a bundle of light rays, and that fixes the angular size of the image. If the mass
distribution is clumpy rather than smooth (...) observations could be biased to favor objects
whose images have been magnified, because they appear brighter, or the bias could go the other
way, for where there is mass there tends to be dust. Thus, if the line of sight to a distant object
passes through a large amount of mass, so that gravitational lensing is magnifying the angular
size of the object, the image tends to be obscured.” 136

Peebles thought these biases would cancel each other out, so that the overall “bias may not be
large.”" This may be true for the kind of inhomogeneities Peebles was contemplating, but there
appear to be others, not considered by him, that produce important overall systematic biases,
especially the so called backreaction, and the different rates at which clocks are running in voids
and walls, which do affect the value of the parameters of the model, as we shall see below.

Our galaxy cluster is located in an enormous void of 200 to 300 Mpc that expands between 20
and 30% more rapidly than could be expected according to the global (average) Hubble
constant'*; there is a superstructure of 400 Mpc known as Sloan’s Great Wall, surrounding part
of this void; more locally there are two other minor voids of 35 to 70 Mpc each and Shapely’s
super cluster with a diameter of 40 Mpc, at a distance of some 200 Mpc from our galaxy; and

'35 James Peebles, “Fractal Universe and Large-Scale Departures from Homogeneity” and “Cosmology in an
Inhomogeneous Universe”, in: Principles of Physical Cosmology (1993): 209-224, 343-360

1% James Peebles, Principles of Physical Cosmology (1993): 343

7 Ibidem, p. 343

'5% Paul Hunt & Subir Sarkar, “Constraints on large scale inhomogeneities from WMAP-5 and SDSS: confrontation
with recent observations”, arXiv:0807.4508, pag.1
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according to the Hubble Space Telescope Key Project there exists a significant anisotropy in the
local expansion, at distances of up to 100 Mpc (" *°).

In general, Wiltshire estimates that “some 40-50% of the volume of the universe at the present
epoch is in voids of 30h™" Mpc [=between 40 a 50 Mpc] in diameter (...) and there is much

evidence for voids 3 to 5 times this size, as well as local voids on smaller scales.”® Obviously,
with the passing of time, due to the expansion of the Universe, the participation of the voids in
the total volume increases, and that of the gravitationally collapsed regions decreases.

Today, the expansion of the Universe looks more like a river with rapids than a slowly
inflating globe. Instead of a homogeneous flow of a slow river, the flow of the rapids makes the
total flow inhomogeneous. Some parts flow more rapidly than others and between slow and
faster flows friction occurs. Where there are obstacles the current surrounding them is slowed
down and vortices are generated in the surface of the water. The expansion of the Universe
resembles such a current that meets obstacles in the form of galaxy clusters and black holes that
slow down the rate of expansion of some regions, and the friction between faster and slower
expanding regions generates shear, while enormous vortices are generated by black holes. Walls
of galaxy clusters with the size of hundreds of Megaparsecs surround voids where the expansion
is more rapid, than in regions with higher matter density. The Universe is more like a expanding
and deforming sponge than a smoothly and homogeneously expanding globe, something
resembling the image produced in a recent article in the Scientific American.

Image.- The deceleration of the expansion of the Universe is greater in the walls than in the voids

"% Nan Li & Dominic Schwarz, “Scale dependence of cosmological backreaction”, arXiv:astro-ph/0710.5073, p. 1
10 David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”, in New Journal of Physics (2007): 4

! Timothy Clifton & Pedro Ferreira affirm in “Dark Energy: Does it really exist?”, in: Scientific American, vol.
300 (2009): 33, that we are in the centre of an enormous spherical void with the size of the observable Universe,

diameter 8501704~ Mpc . See also their “Living in a void”, arXiv:0807.1443 (2008): 1-4.
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7.1.- How averaging parameters in a non-homogeneous Universe produces the backreaction

The Universe is a collection of regions with high matter density (walls), where local clocks
run slowly, and regions with low matter density (voids), where clocks run faster. We can
disappear this inhomogeneity through a process of averaging also known as smoothing, but that
does not take away the fact that the values of cosmological parameters in walls and voids differ
among themselves and from the global-average. This real inhomogeneity invalidates one of the
basic assumptions of the standard model and affects the curvature of space. Even though the
Universe has a global-average curvature, that does not take away the differences between
gravitationally collapsed regions, like galaxies and galaxy clusters, where space does not expand
and the curvature is positive (k£ > 0), especially close to the galaxy centers where black holes
can be found, and the enormous voids in the Universe, where space expands faster, and the
curvature is negative (k£ < 0). The curvature of space is not homogeneous.

A numerical example helps to understand the process of smoothing. Let us choose 27 random
numbers between 01 and 100,'® with a maximum difference between the biggest and the
smallest number of 94. We then average every three numbers and obtain nine new numbers'®
that differ less among themselves than the original 27, with a maximum difference of 59 between
the extreme values. We now repeat the process of averaging groups of three numbers, and obtain
three new numbers, '* with a maximum difference among themselves of 33.0. If we average
these three numbers we obtain the global-average of 48.6.'® That last number is analogous to the
global-average of the cosmological parameters and the initial differences between the 27 original
numbers is analogous to the differences between the local values of the cosmological parameters.
The process of getting from the global inhomogeneity to the final, global average is the process
of smoothing. In that process, the inhomogeneity of the Universe totally disappears.

How can we obtain the global-average values of the cosmological parameters? Obviously, that
could be done in theory by obtaining a weighed average of their values in different regions of the
Universe, of its voids and walls. There is a complication, however, since the values of its
parameters evolve and change with time, so that their magnitude is not constant, neither on the
local scale, nor on the large scale. Consequently, we have two options, the first one of which
would be to obtain the average of the original values of the parameter in different regions at the
beginning of the Universe, and then see how this average evolves. The second option would be
to let the parameter evolve with time in different regions of the Universe and obtain an average
of these independent evolving values in the final stages of the evolution of the Universe.
Normally, the operation of averaging and the operation of evolving in time are commutative, so
that the same result is obtained, independently of the order in which these two operations are
executed, as can be appreciated in the following mathematical box.

162 The random numbers are taken from Hubert Blalock, Social Statistics (1960): 437, the numbers are: 10, 09, 73,

25,33, 76, 52, 01, 35, 86, 34, 67, 35, 48, 76, 80, 95, 90, 91, 17, 39, 29, 27, 49, 45, 37 y 54.
'63 The averages are: 30.7, 44.7, 29.3, 62.3, 53, 88.3, 49, 35 y 45.3.

!4 The averages are: 34.9, 67.9 y 43.1.

165 The mean is: 48.6.
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MATHEMATICAL BOX 9. THE OPERATIONS OF AVERAGING
AND DERIVING OVER TIME ARE COMMUTATIVE

Normally, the operations of obtaining the average or the derivative are
commutative. In the first equation, we first obtain the average and then the
derivative over time:

3 2 1, 1, 3 3 5 3
0, <x +2x —3x+6>:8,(—x +—x"—=x+15==x"+x—= (85)
4 2 4 4 4
and in the second one, we first obtain the derivative and then the average:
(0,x° +8,2x* —0,3x+0,6)= (3x” +4x—3+0) = sz +x—i (86)

but even so, in both cases, we obtain exactly the same result. This is what
we mean when we say that even in the case of non-linear equations the
operations of obtaining the average or the derivative are commutative.

The problem with many cosmological parameters is that they are determined by tensorial
equations, where averaging and deriving over time are NOT commutative operations. It is not the
same to let an average matter distribution and its corresponding spatial geometry evolve in time,
or let the matter distributions of different regions and their corresponding spatial geometries
evolve in time and then average the final results. Cosmologists tend to first average matter
distributions and its corresponding geometries and then use Einstein’s equations to obtain the
homogeneous geometry that results from the evolution in time of this average. Actually, the
proper procedure would be to first resolve Einstein’s equations for the different geometries of the
different regions of the Universe, then let these results evolve in time, and then average the final
results. Since these operations are not commutative, not following the proper order of operations
yields erroneous results, according to Wiltshire, referring to previous work of Buchert: “the
geometry which arises from the time evolution of an initial average of the matter distribution
does not generally coincide, at a later time, with the average geometry of the full inhomogeneous
matter distribution evolved via Einstein’s equations.”

The first one to draw attention to the fact that the operations of averaging and resolving
Einstein’s equations are not commutative, was George Ellis, in 1984.'®" He showed that the
structure of the non-linear equations of general relativity is substantially modified by the process
of large scale smoothing. Let us see this point first graphically (see next graph) and then
algebraically (see mathematical BOX 10). The following graph taken from Ellis represents three
scales in measuring phenomena in the Universe, that is, the scale of stars and solar systems, the
scale of galaxies; and the scale of galaxy clusters and walls of galaxy clusters.'®®

Obviously, the evolution of the Universe in time has taken place in the opposite order, starting
with a homogeneous cloud of hydrogen and helium, which existed some 300,000 years after the

166 David Wiltshire, “Exact solution to the averaging problem in cosmology”, arXiv:0709.0732

167 George FEllis, “Relativistic Cosmology: Its Nature, Aims and Problems”, in: B. Bertotti et al., eds., General
Relativity and Gravitation, pags. 215-288.

168 George Ellis, “Relativistic Cosmology: Its Nature, Aims and Problems”, in: B. Bertotti, ef al., eds., General
Relativity and Gravitation (1984): 230
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Big Bang, up to the voids and walls of galaxies and galaxy clusters, and the stars and solar
systems that we observe today, in our inhomogeneous Universe.

Graph.- The operation of averaging cosmic phenomena on an ever bigger scale:
scale 1 = details down to stars; scale 3 = galaxies; scale 5 = large scale features

Ellis showed that the operation of averaging and resolving Einstein’s tensorial equations are
not commutative: “Thus, a significant problem at the foundation of cosmology is to provide

suitable definitions of averaged manifolds“g (), of metric [G,, ] and stress-tensor [T, ]

averaging and smoothing procedures, and to show these have appropriate properties™

We get from the local scale to the global scale by averaging or smoothing. The problem is, as
we can see below, in mathematical BOX 10, that in order to get from scale 1 to scale 3, and from
scale 3 to scale 5, the tensorial equation that is valid on scale 1, is no longer valid on scale 3, or
scale 5. In order to correct the error that occurs when we first average the matter density and its
corresponding geometry in different regions of the Universe, and then solve Einstein’s equation,
we will have to introduce a term of correction, also known as the backreaction, in the tensorial
equations used on scale 3 and on scale 5.

19 “Manifolds™ are multiples of different space-time regions of the Universe
170 George Ellis, “Relativistic Cosmology: Its Nature, Aims and Problems”, in: B. Bertotti, ef al., eds., General
Relativity and Gravitation, p. 231.
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MATHEMATICAL BOX 10 THE BACKREACTION TERM IN EINSTEIN’S

TENSORIAL EQUATION
Einstein’s tensor is:'’'
G"* = R*" - ;g‘”R — kT*" = —78”4G T (87)
c

and on scale 1, this tensor look as follows:

1

Gl;zv:Rlyv_Egl,ule =T, (88)

luv

but on scale 3 and 5, the left hand term of the equation, representing the average of
the metric, no longer is equal to the right hand term, representing the mass-energy

average:
G,,, #«l;,, (89)
GSﬂV * Kz;yv (90)

We therefore need, in equations (89) and (90) a term also known as the
backreaction, P,y P,,, which leaves Einstein’s tensor as follows:' ">

1
G3,uv:R3yv_5g3,uvR3 :K‘T‘?»yv_i_PSyv (91)
1
GS}IV:R5/JV_5g5/tVR5 :KTS/JV_FF)S;JV (92)
The theoretical terms of the backreaction, P;,, y P, , are analogous to the term

0, of Buchert, Kolb, Matarrese and Riotto in BOX 11, 15 and 16, but Ellis did not
define its empirical value.'” Zalaletdinov, an astrophysicist of Uzbekistan, has given
us a precise mathematical definition of Einstein’s ‘average’ tensorial equation,
improving, in his view, the previous work by Buchert.'” Einstein’s tensor, applicable
on all scales, according to Zalaletdinov, is the following:'”

g’ M, - ;5; g'M,, = —K<T;('”'”0>>+ (Z° + ;55 0,)8""  (93)

uvy

where g’*M 5 1s the average curvature tensor and g“'M,, =M, the average

curvature scalar.

"1 See equation (286) of Appendix VI B of John Auping, Origen y Evolucién del Universo (2009)

172 George Ellis, “Relativistic Cosmology: Its Nature, Aims and Problems”, in: B. Bertotti et al, eds., General
Relativity and Gravitation, pags. 233

'3 William Stoeger, Amina Helmi & Diego Torres, in “Averaging Einstein’s Equations: The Linearized Case”,
arXiv:gr-qc/9904020, have made an attempt at averaging Einstein’s non-linear equations in linear form.

'7* Roustam Zalaletdinov has found the exact way to average Einstein’s non-linear equations in non-linear form, in
many publications, of which I mention only two: “Averaging out the Einstein’s Equations”, in: General Relativity
and Gravitation, vol. 24 (1992): 1015-1031; and “Averaging problem in general relativity, macroscopic gravity and
using Einstein’s equations in cosmology”, in: Bulletin of the Astronomical Society of India (1997): 401-416.

'75 Roustam Zalaletdinov, “Averaging out the Einstein’s Equations”, in: General Relativity and Gravitation, vol. 24
(1992): 1025 equation (23)
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Regrettably, during fifteen years, Ellis’ warnings were not taken into account by cosmologists
in the construction of their models. There was a general tendency to estimate the values of the
global cosmological parameters at the present time, and then project them back to the origins of
the Universe, in simplified models, where Newtonian gravitational dynamics were assumed to be
valid at non-relativistic velocities, and the Universe was assumed to be homogeneous, from
beginning to end. The assumptions and simplifications of these models did not alarm too many
people, and often these assumptions were note even consciously made. However, the problems
became more acute at the end of the 90’s, when the apparent acceleration of the expansion of the
Universe was discovered by Kirshner, Perlmutter and Riess. Only in the case that the local
expansion rates were equal to the global-average expansion rate, as would be the case in a
homogeneous and isotropic Universe, the magnitude of this backreaction term would be zero,'™
but, as we shall see below, this assumption proves to be invalid.

Thomas Buchert, a German astrophysicist working in France, followed up on Ellis’s
suggestions. I will first define some terms of Buchert’s model, and then present his comparison
of homogeneous and inhomogeneous models, both Newtonian and relativistic.'”’

1) D, a specific spatial-temporal dominion of the Universe;
2) H,, the Hubble constant in this dominion;

3) <R> ,» the average curvature of the Universe, represented by Ricci’s scalar;

4) ®,, the expansion of the volume of this dominion (of the expansion of elements of the fluid);
5) o, the shear or distortion of elements of the fluid by interaction with surrounding matter;

6) d,(®), or (@) °, the evolution in time of the initial average of the expanding volumes of
local dominions (first the initial average is calculated, then this average evolves in time);

7) <d,®>D , the final average of the expanding volumes of local dominions after they have
evolved in time (first different local dominions evolve in time and then an average is obtained;

8) O,, ‘the source’ of non-linear results, also known as the ‘backreaction term’ that measures

the discrepancy between perfect homogeneity and the effect of existing inhomogeneities;178
9) a,, the rate of expansion of a dominion of the Universe.

In the case of expanding, spherical, inhomogeneous volumes © , the operations of averaging
and evolving in time are NOT commutative, as we saw above, and as a result, the backreaction
0, 1s generated, that represents the difference between the average of the quantities that evolved

separately in time, and the final result of the evolution of the average of the original quantities
(see mathematical BOX 11)."”

"% Because, in that case, d, <®>D = <dt®>D, so that O, = 0. See Mathematical BOX 11

77 The model of Newtonian (virial) gravitation is not necessary homogeneous. It is possible to construct Newtonian,
inhomogeneous models, see Thomas Buchert, On Average Properties of Inhomogeneous Cosmologies, arXiv:gr-
qc/00010556 (2000): 1-9

'8 Thomas Buchert, On Average Properties of Inhomogeneous Cosmologies, arXiv:gr-qc/00010556 (2000): 3

' Thomas Buchert, On Average Properties of Inhomogeneous Cosmologies, arXiv:gr-qc/00010556 (2000): 4;
Edward Kolb, Sabino Matarrese & Antonio Riotto, “On cosmic acceleration without dark energy”, in: New Journal
of Physics (2006): 6; and idem, “On Cosmic Acceleration from Backreaction,” on-line (2009): 13.
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MATHEMATICAL BOX 11 HOW THE BACKREACTION IS DERIVED

The difference between d,(®), y (d,0), produces the quantity also known as the
backreaction Q,,:

d,(0),-(d,0), = (©-(0),)), =(07-20(8), +(©),") =
- <®2>D _2<®>D <®>D 0 <<®>D >D2 - <®2> _2<®> <®>02 - <®2>D - <®>02

0,-2{4(0),-(20) J-2), ©9

Combining equations (94) y (95), we obtain:

0, (e, ~(0),7)-2%), 00

(94)

\9]

The next mathematical box presents a synthesis of Buchert’s model that differs from the
Newtonian model only by integrating the term of the backreaction.

MATHEMATICAL BOX 12 SOME FRIEDMANN EQUATIONS IN BOTH
HOMOGENEOUS AND INHOMOGENEOUS, RELATIVISTIC MODELS

I present some Friedmann equations, in both homogeneous and inhomogeneous,
relativistic models developed by Buchert:

RELATIVISTIC, HOMOGENEOUS RELATIVISTIC, INHOMOGENEOUS

2 a ’ 1 2 a ? 8 1 1
_ 3H2 — a : _§ note 180
= (99) (aj —37TG,0€,,-( ) (98)
i 4 a 4 1
_=—,7Gp  (100) ~=—17G{p)+ 0, (101)
a a
0,p+3%p=0  (102) 8,(p)+3%(p)=0  (103)
a a

The solution to equation (103) is:
(p)=poa,la’  (104)

'80 See Sabino Matarrese, Rocky Kolb & Toni Riotto, “On Cosmic Acceleration from Backreaction,” on-line (2009)

. Q R o R :
This means that, o, = <p>— 167;)(; - l6<7[>G and P, = _167:(; + 16<7Z'>G , where the terms with <R>

indicate the average curvature and the terms with Q,,, the cinematic backreaction.



88

as can be seen from combining equations (103) y (104):
0,(poaya)+3aa (pa,a”)=0
= p.a,(3aa)+ p,a,Bata)=0 (105)

The equation of state of the backreaction, or ’integrability condition’, only exists in
the relativistic model and not in the Newtonian model. Buchert proposes:

a a
0,0, +6-20,+08,(R), +2-2(R) =0 (""" (106)
ap ap
and Kolb, Matarrese y Riotto, and Wiltshire propose (which is exactly the same):

0,(ap’0p)+a,’d,(ay’ (R),)=0(""" ") (107

The following mathematical box compares two inhomogeneous models one Newtonian and
one relativistic, according to Buchert. '*

MATHEMATICAL BOX 13, PARAMETERS IN TWO INHOMOGENEOUS
MODELS, ONE NEWTONIAN AND ONE RELATIVISTIC

We represent the Hubble constant by H =a/a and the spatial curvature (R) by the

average Ricci scalar. The density parameters, according to Buchert, are:

NEWTONIAN, INHOMOGENEOUS | RELATIVISTIC, INHOMOGENEOUS
Q,+Q,+Q, +Q,=1 (108) Q,+Q,+Q,=1 (109
87 G TG
QA04=<'02>D (110) Qf4=@ (111)
3H, 3H,
and (p)=pa,/a’ (112)
: 87 Gp,a,
ives QP =" "7070 (113)
s Yoo3H,)a
Ac®
QD — (note 184) (1 14)
Y 3H)

'8! Thomas Buchert, “On Average Properties of Inhomogeneous Cosmologies”, arXiv:gr-qc/00010556, p. 12, eq. 45

'82 See Edward Kolb, Sabino Matarrese & Antonio Riotto, “On cosmic acceleration without dark energy” in: New
Journal of Physics, vol. 8 (2006): 7, eq. (25) & “On Cosmic Acceleration from Backreaction,” online, p.16 & David
Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”, in: New Journal of Physics, vol. 9 (2007): 5

'83 Thomas Buchert, “On Average Properties of Inhomogeneous Cosmologies”, arXiv:gr-qc/0001056 (2000): 4, 12.
See also a synthesis of Buchert’s model in David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”,
in: New Journal of Physics, vol. 9 (2007): 9

'8 Some authors write Q, = Ac* /3H Ozand Thomas Buchert, in “On Average Properties of Inhomogeneous

Cosmologies”, arXiv:gr-qc/0001056 (2000):4, writes €, = A/3H, 02. The two versions are compatible if one

takes into account that some authors normalize the equations with ¢ =1. The same applies to equation (117).
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1 f da* D (O
QP = D dt (115 Q,=- (116)
¢ 342 H} iQD dt,  (115) °  6H,’
k. c* R
QY =- gcz (117) QP :_< >D2 (118)
p4p D

Buchert showed that in the Newtonian, inhomogeneous model, the sum of the first three of the
four terms found in the definition-equation Q,, +Q, +Q, +Q, =1, is 0.99 (note 185 50 the

fourth term must be very small, that is ©Q, = 0.01 (ot 186). «This term, which brought the higher

voltage of having mastered a generic inhomogeneous Newtonian cosmology, shows no global
relevance and it seems that we are drawn back to the previous state of low visibility of the

standard cosmological models”.""’

Roberto Sussman run a series of simulations with the relativistic dust model of Lemaitre-
Tolman-Bondi (LTB), in which he demonstrated that Buchert’s backreaction term can have
positive values, in regions with hyperbolic curvature, as well in elliptic dominions —either in
isolation or surrounded by a hyperbolic exterior—, that suffer gravitational collapse, and are
capable of producing an acceleration of the expansion of a universe without the need for dark
energy.'™ He stresses, however, that we are dealing with a qualitative evaluation of the model,
and that it is necessary, “as a complement to this work, (...) to test numerically how large the
effective acceleration, that we have shown here to exist, can be.”'™ Besides, according to
Wiltshire, “approaches based on the exact LTB models or the exact Szekeres models”, though
“immensely useful, both as exact models for isolated systems in an expanding universe or as toy
models (...) could only be applied to the universe as a whole if one abandoned the Copernican
Principle”, which is more than Wiltshire is willing to do. '

Some cosmologists, notably Edward Kolb, Sabino Matarrese and Antonio Riotto felt that in an
inhomogeneous, relativistic model, the effects of the inhomogeneities appear to be sufficiently
large to let the terms Q, and Qg may be to replace A and QF . In 2006, they elaborated
Buchert’s model, attributing the apparent acceleration of the expansion of the Universe to the
backreactions of its gravitational perturbations, making the dark energy hypothesis
superfluous:'' “Another possibility [different from the standard ACDM model] is that the
Universe is matter-dominated and described by general relativity, and the departure of the
expansion rate of the Einstein-De Sitter model is the result of backreactions of cosmological

'%5 Thomas Buchert, On Average Properties of Inhomogeneous Cosmologies, arXiv:gr-qc/00010556 (2000): 1-9

'8¢ However, even being so small, it has a strong influence on the evolution of the cosmological parameters in time.
See Thomas Buchert, Martin Kerscher & Christian Sicka, “Backreaction of inhomogeneities on the expansion: the
evolution of cosmological parameters”, arXiv:astro-ph/9912347, p. 17.

'¥7 Thomas Buchert, On Average Properties of Inhomogeneous Cosmologies, arXiv:gr-qc/00010556 (2000): 13

138 Roberto Sussman, “Conditions for back reaction and ‘effective’ acceleration in Lemaitre-Tolan-Bondi dust
models”, arXiv:0807.1145 (2009)

' Ibidem, p. 33

1% David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”, in: New Journal of Physics (2007): 6

! Edward Kolb, Sabino Matarrese & Antonio Riotto, “On cosmic acceleration without dark energy” in: New
Journal of Physics vol. 8 (2008): 322
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perturbations. This explanation is the most conservative, since it assumes neither a cosmological
. . e 5l92
constant nor a modification of general relativity.”

Like Sussman, the authors admit that they have not yet been able to measure the quantitative
influence of the backreactions generated by these gravitational perturbations: “The actual
quantitative evaluation of their effect on the expansion rate of the Universe would, however,

. . o . . 2193
require a truly non-perturbative approach, which is clearly beyond the aim of this paper.

One year later, in 2007, David Wiltshire, an astrophysicist from New Zealand, commenting on
this essay of Kolb, Matarrese and Riotto, pointed out exactly that: “While perturbative
approaches have naturally led to realization of the significance of backreaction, to account for
'74% [of the matter-energy density of the universe by | dark energy’, the effect of backreaction
on the background of the universe would [have to] be so great that a viable quantitative model is
beyond the domain of applicability of perturbation theory.”"”* The probable magnitude of the
backreaction is not large enough to explain the recent, apparent expansion of the Universe and,
as a consequence, the backreaction does not serve as a possible substitute of dark energy.

Aseem Paranjape, an astrophysicist from India, applied the mathematical structure developed
by Roustam Zalaletdinov, an astrophysicist from Uzbekistan capable of averaging Einstein’s
tensorial equations,”” to the problem of the expansion of the Universe'”® and discussed his
findings with Buchert and Wiltshire. He reached the same conclusion as Wiltshire in his
criticism of Kolb, Matarrese and Riotto, that is to say, that the effects of the backreaction are
real, but insufficient to explain the recent acceleration of the expansion of the Universe, which is
normally attributed to the negative pressure of dark energy:

“eo Although technically possible, in the real world backreaction does not significantly affect the
expansion history of the universe.

e Cosmological perturbation theory is stable against backreaction effects, well into the
nonlinear regime.

e Dark energy cannot therefore be an effect of the backreaction of inhomogeneities.”"”

Y2 Ibidem, p. 2

93 Ibidem, p. 15

1% David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”, in: New Journal of Physics (2007): 5-6.
See also the same article, p. 22

195 Roustam Zalaletdinov has found the exact way to average Einstein’s non-linear equations in non-linear form, in
many publications, of which I mention only two: “Averaging out the Einstein’s Equations”, in: General Relativity
and Gravitation, vol. 24 (1992): 1015-1031; and “Averaging problem in general relativity, macroscopic gravity and
using Einstein’s equations in cosmology”, in: Bulletin of the Astronomical Society of India (1997): 401-416
%Aseem Paranjape, “A Covariant Road to Spatial Averaging in Cosmology: Scalar Corrections to the
Cosmological Equations”, arXiv:0705.2380 (2007) and his thesis, The Averaging Problem in Cosmology (2009)

197 Aseem Paranjape, The Averaging Problem in Cosmology (2009): 6
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7.2.- Clocks run at different rates in voids and walls

In 2005, David Wiltshire presented an alternative theory,'”® which he called firactal bubble
model = FBM ). The name is not that important. Actually, this fractal structure of the Universe
does not exist at small scales, as Peebles pointed out in 1993." I prefer to think of the Universe
as having the structure of a large, expanding sponge: large voids surrounded by large walls of
filaments of galaxy clusters. We may drop the theory of the fractal structure of the Universe,
without loosing the essence of Wiltshire’s contribution, which we may call the theory of the
differential running of watches in voids and walls or, briefly, ‘the time-scape model’. Wiltshire
pointed out that after the moment of recombination, some 300,000 years after the Big Bang, the
imaginary watches, located in different regions of the Universe, started to differ increasingly,
because in regions with high matter density, gravity makes watches run slower, and in voids,
faster. Wiltshire revived one of the implications of general relativity, already explained by
Einstein himself, who said: ”/L]et us examine the rate of a unit clock, which is arranged to be at
rest in a static gravitational field. (..) [T]he clock goes more slowly if set up in the neighborhood
of ponderable masses..”*™ This lentification of clocks by gravity has three consequences:

1) The wavelength of light coming from objects with high mass density will be redshifted;

2) The velocity of objects that move away from observers located in a ponderable
gravitational field, and the redshift of those objects’ light will be higher when measured
by the observer’s wall clock than by its own co-moving clock or clocks in voids.

3) There is a third consequence not mentioned by Einstein, but not less important. Light
from a supernova thast passes through the large void that surrounds us is more redshifted
than the global-average, because the void expands faster than ghe global-average

This theory of the watches might explain the apparent acceleration of the Universe in the large
void surrounding our galaxy cluster, as compared with the global-average deceleration. When the
velocity of a supernova at the other end of the void is measured with our watch, or with a global-
average watch, it might seem to move away from us at a faster rate then when it is measured with
a watch mounted on the supernova itself, because our watch moves slower than its one.

However, a problem persisted with the solution offered by Wiltshire in 2005, as he himself
observed. If we compare, with Bayesian probability, the ability of both models, that is the
standard flat ACDM , which includes dark energy, and Wiltshire’s FBM , without dark energy,
to explain the same supernovae type la data, the ACDM model is more probably true than
the FBM in the range of 0.2<Q, <0.5, which is the empirical range of our Universe.””" The
FBM was in need of serious revision.

'8 David Wiltshire, “Viable inhomogeneous model universe without dark energy from primordial inflation”,
arXiv:gr-cq/0503099 (2005)

% See James Peebles, “Fractal Universe and Large-Scale Departures from Homogeneity” in: Principles of
Physical Cosmology (1993): 209-224

29 Albert Einstein, “The Foundation of the General Theory of Relativity”, in: Annalen der Physik vol. 49 (1916),
traducido al inglés en The Collected Works of Albert Einstein, vol. 6 (1989): 197-198 (my underlining)

21 Benedict Carter, Ben Leith, Cindy Ng, Alex Nielsen & David Wiltshire ez al., “Type IA supernovae tests of
fractal bubble universe with no cosmic acceleration”, arXiv:astro-ph/0504192.
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7.3.- The new relativistic Buchert-Wiltshire paradigm

The problem just mentioned was not resolved until 2007, when Wiltshire proposed his time-
scape model that integrated Buchert’s backreaction and his own theory on differential clock rates
in an inhomogeneous universe.””> This new, integrated model is capable of explaining the
apparent acceleration of the expansion of the Universes and other phenomena that have
motivated many cosmologists to accept the speculative concept of dark energy to explain them.
Wiltshire distinguishes three times or imaginary clocks, that is, slow clocks in gravitationally

dense and collapsed regions that measure 7, (w for walls), rapid clocks in the voids with time

note 203) These three times yield three

7, (v for voids) and a global-average clock with time #(
differential clock rates, that is dt/dz,, dt/dr, and dr /dr,. Only at the beginning of the

Universe, at the moment of recombination, the Universe was an almost perfectly smooth and
homogeneous cloud of hydrogen and helium and, as a consequence, at that time,
dt/dr = dt/dr,=dr, /dr, =1. In order to define the passed and present-day parameters as a
function of the global-average time ¢, Buchert’s formalism is used to average the values of
parameters measured with clocks in walls, 7, and voids, 7, . In the next mathematical box, I

synthesize the Buchert-Wiltshire paradigm.

MATHEMATICAL BOX 14, THE BACKREACTION IN THE NEW
BUCHERT-WILTSHIRE PARADIGM

The Hubble constant is defined as the ratio of the expansion velocity v, and

the distance » to a particular object of the Universe (H :vaxr ). With

Wiltshire, I define the Hubble constant as a function of global-average time ¢,
both for gravitationally collapsed regions H  (t), for the large voids H () and

for the entire Universe H (¢). The last one is also called the subjacent or bare
Hubble constant and represents a ponderated average of the former two.
Obviously, the three constants have different values (H, < H < H ).

There are two ways to obtain the bare constant, taking into account that
H, /a,=H,6/a,, where a is distance. The first equation is:

_ a d. d.
Ap=te_ 198, 1 dids, &, .4 -
a, a,dr, a,6dr, dt dr
a, _lda, 1 dt da, _ dt H =yH, (119
a, a,dr, a,dr, dt dr,
d. d.
where  H,= % and 26B) H,= % (120
a, d a, dt

w v

w

292 Ibidem, p. 22, equation (32)
2% David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”, in: New Journal of Physics (2007)
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From equation (119) we obtain:
ht)=H 6 /H =y, /y, =dr, /dr,=1/(dr,/dr,) (121)
where the dr, /dr, function is called the lapse function or the differential

clock rate in walls and voids. The second way to obtain the bare Hubble
constant is by way of a ponderated average of A, and H :

HO=3(8), = £l + {2 (122)

Where the factors f, and f, indicate the volumes of walls and voids as a
proportion of the total volume of the Universe, respectively, so that::

f@O+f,@O=1 (123)

Since, with the passing of time, the volume of the walls does not increase, but
the volume of the voids increases because of the expansion of the Universe,
these two factors f, (#) and f (¢), are not constant in time. Given the Ellis-

Buchert formalism, the terms <®>H2 and <®2 >H have different magnitudes:
©)," =9fH,' +9f H} +18/,f,H H,  (124)
31) () =9/,H,+9f,H (125)

Let us remind now the backreaction term of Buchert, Kolb, Matarrese and
Riotto and let us suppose, for the time being, a zero value for the shear o . The

backreaction is defined by the difference between d,(®) and (d,0®) , that is
between <®>H2 and <®2>H, so that:

2 2 2 2 2 2
0, =3(d.(0),-(d,8),)-2(c") =7(607) -7(6),°=0 (126)

By combining equations (124), (125) and (126), we obtain:
(33) O=6fH +6fH > —6f°H’ —6f’H’—12f fH H, (127)
and since, by (123),
fo=1-/, (128)
it follows that equation (127) can be transformed in (129):
Q=6H'—6fH +6fH>—6H +12fH >—6f°H ' —6f’H’ 129
~12f,H H, +12f’H H, = (129
O=6fH +6fH’ —6f’H’—6f°H>—12fH H, +12f°H H, (130)
= (3710 =6f,(1-f)(H,—H,) (") (131)

294 peter Smale & David Witshire, “Supernova tests of the timescape cosmology,” en: arXiv:1009.5855v1, p.4
205 This is the same result as obtained by David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”,
in New Journal of Physics (2007): 21, equation (31), first part of the equation
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We now rewrite equation (119), which is convenient because of the use we are
making of it when we derive the global deceleration of the expansion of the

Universe:
o 1 dt da
Ht)y=——_"V 119
® a,dr, dt (115)
= U gy _HOaE g
dr, a, d da,

From equations (122) and (132), we obtain:

= (133)
drt, da, da, da,
from equations (119) and (133) we obtain:
dt H
—=f 4+ " (134
s fo+ - (134)

w w

and from equatios (120) and (134):
g :1+fv(HV —1]:(HW/HV +fv(1_Hw/Hv)J(135)

dr,, H, H, H IH,
and from (119) and (133):
o H@H,/H) 5
H Z/H +f(0-H,6/H)
Since:
H =H I(H,/H) (137
it follows, from (136) and (137) that:
H(@) (138)

""H /H, +f(-H, /H)

Combining (131), (136) and (138), we obtain the backreaction as a function
of the Hubble constants that take into account the differential clock rates:

_ _ ﬁz(l_Hw/Hv)z (note 206)
0=61,1 fv)([HW/HV +fv(1—HW/HV)]Zj (139)

The interesting thing about equation (139) of mathematical box 14, is that there are two
moments in the history of the Universe where the backreaction is zero, and the deceleration has a
value of g =0.0635. At the moment of recombination, the inhomogeneities were almost zero
(h, =1), because the Universe was basically a homogeneous cloud of hydrogen and helium, so

that the Hubble constants of regions with different degrees of mass density had an almost
identical value, generating a zero backreaction.””” And vice-versa, when we approach the end of

206 This is the same result as obtained by David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”,
in New Journal of Physics (2007): 21, equation (31), second part of the equation

W H,JH, =1=Q, =0
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the history of the Universe, the volume of the voids will be so much larger than the volume with
galaxy clusters, that, once more, f, =1, and once more, the backreaction will be zero.”®® At this

particular moment of the history of the Universe, the deceleration is real, with g =+0.015348

and the apparent acceleration of the expansion velocity measured with clocks in walls, like our
galaxy cluster, 1s g(z,)=-0.042785.

The new Buchert-Wiltshire paradigm has important implications for the interpretation of
empirical phenomena that have defied cosmology during the last decades. Below we will see
how the Buchert-Wiltshire paradigm allows us to disregard dark energy in explaining the
apparent acceleration of the expansion of the Universe, the evolution of its large scale structures,
and the anisotropies of the Cosmic Microwave Background Radiation CMBR .

The variation of the Hubble constant.- One of the most paradoxical implications of the new
paradigm is the variation of the Hubble constant in walls, voids and global-average regions, and
if measured with wall-clocks, void-clocks or global-average clocks.

At the beginning of 2007, Buchert pointed out that it was difficult to quantify the effects of the
backreaction.®™ However, that same year, Nan Li and Dominic Schwarz offered some
approximate estimates.”'’ Below, I reproduce five important results of Li and Schwarz’s study,
that take into account observations made by the Hubble Space Telescope in the Key Project.

1) The effects of the backreaction on the variation of the Hubble constant are scale-

dependent, that is, its variation depends on the inverse square distance (Q,, oc 1/7?).

2) At ascale of less than 200 Mpc, the influence of these inhomogeneities is much bigger in
a relativistic model than in a Newtonian model.

3) The values of the variation of the Hubble constant in the relativistic model coincide with
the observations of the Key Project Hubble Space Telescope: “We see that the theoretical
band matches the experimental data well, without any fit parameter in the panel.”"!

4) The Hubble constant has a comparatively larger value in our neighborhood, at a scale of
about 100 Mpc, which constitutes a large void.

5) “[CJosmological averaging (backreaction) gives rise to observable effects up to scales of
~ 200 Mpcz.lgfowever, it is not sufficient to explain the observed accelerated expansion at
this point.”

Other investigations go much further. Hunt and Sarkar observed that we are located in a huge
void with a diameter of 200 to 300 Mpc that expands 20 to 30% faster than would be expected
according to the global-average Hubble constant. The expansion acceleration observed by Hunt
and Sarkar in this infra dense void is extremely improbable in the context of the standard

W=l yl-f ~ 0=CQ, =0. See David Wiltshire, “Cosmic clocks, cosmic variance and cosmic

averages”, en New Journal of Physics (2007): 28

29 Thomas Buchert, “Backreaction Issues in Relativistic Cosmology and the Dark Energy Debate”, arXiv:gr-
qc/06112166 (enero 2007).15

1% Nan Li & Dominic Schwarz, “Scale dependence of cosmological backreaction”, arXiv:astro-ph/0710.5073

2" Nan Li & Dominic Schwarz, “Scale dependence of cosmological backreaction”, arXiv:astro-ph/0710.5073, p. 5
12 Nan Li & Dominic Schwarz, “Scale dependence of cosmological backreaction”, arXiv:astro-ph/0710.5073, p. 5
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ACDM model’” and, in general, several observations in “these real voids are in gross conflict
with the concordance ACDM model.”*"* However, according to the authors, these same data are
compatible with a model that correlates the positive variation of the expansion velocity with the
differential effects of the backreaction of the inhomogeneities of the Universe.*"

In addition to taking seriously the backreaction, calculated by Buchert, by Li and Schwarz
and by Hunt and Sarkar, Wiltshire also takes into account the effects of the differential running
of time as measured by clocks in voids and walls. In 2008, Wiltshire published his own
approximate results of the Buchert-Wiltshire model.*'® He showed that the deceleration of the
expansion of the Universe is less in voids than in walls. The voids enhance the redshift of the
light that passes through them, and since our galaxy is at the center of a huge void, we observe a
nearby expansion deceleration that is less than the global-average. In general, the expansion

deceleration in walls with time 7, differs 5.5 cm per s* (5.5*107"° ms ) from the deceleration
in voids with time 7. This seems little, but the accumulated effect through the entire history of

the Universe, since the Big Bang, is large, that is, the lapse function is 1.42 <dr, /dr, A <1.46 if

we do not take into account the backreaction, and dz,/dr, =1.38"1% if we do take it into

account, which makes up for a difference of 38%.>'" This unequal deceleration in voids and
walls implies that the Hubble parameter is not equal in different regions of the Universe.

I will first present the mathematical equation of the Hubble constant and its variation,
considered by Wiltshire himself to be one of the most important equations of his model,”"® and
then reproduce some of the estimates of its differential values.

MATHEMATICAL BOX 15. HUBBLE CONSTANTS IN WILTSHIRE’S MODEL

In mathematical box 14, we already came to know the subjacent, global-average Hubble

constant:
- dt dt
H{t)=—— = H 140
() ar. v g (140)
where:
di di
Ho= 1% and@6B) H,= % (41
a, dt , dt

Wiltshire defines the average and variation of the Hubble constant as a function of the

?13 Paul Hunt & Subir Sarkar, “Constraints on large scale inhomogeneities from WMAP-5 and SDSS: confrontation
with recent observations”, arXiv:0807.4508, Figure 5, p. 13

2% Paul Hunt & Subir Sarkar, “Constraints on large scale inhomogeneities from WMAP-5 and SDSS: confrontation
with recent observations”, arXiv:0807.4508, p. 1

215 Nan Li & Dominic Schwarz, “Scale dependence of cosmological backreaction”, arXiv:astro-ph/0710.5073, p. 5
21 David Wiltshire, “Cosmological equivalence principle and the weak field limit”, in. Physical Review D, vol. 78
(2008) y “Exact Solution to the Averaging Problem in Cosmology”, in: Physical Review Letters, vol.99 (2007)

" David Wiltshire, “Cosmological equivalence principle and the weak field limit”, in. Physical Review D, vol. 78
(2008) y arXiv:0809.1183 (2008): 9

218 private communication of David Wiltshire to the author, April 1st, 2009
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wall time 7, and the global-average time 7. " The first term of the right side of the
equation represents the Hubble constant as a function of 7, and the second term, the rate
of change of the constant (dt / dz ).
ur
H(rw)=l da 1 da _dr, dr,, (142)
adr adr dt dr

w w w

Since, by definition:
lda _dt lda_ iﬁ(;) (143)
adr, dr,adt dr
we obtain, combining (142)and (143):

w

) d(ddt j
t T TW note
H(Tw) = ;H(l‘)_T( 1220 (144)

w

Equation (144) gives us the Hubble constant and its variation over time, as well as the rate of
decrease of the lapse function, and in order to establish its value, one must make measurements
with two clocks, that is the one with the global-average-time ¢ and the other one, with the proper
time of the observer in a galaxy cluster 7, . The value of the Hubble constant is different, when
measured with the same global-average clock in different regions, that is, in walls, in voids, or in
the Universe at large; the estimates of its values in this case are H (¢)=349, H (1)=524y
H(t) =48.2, respectively. The present Hubble constant also varies, when measured in the same
region, with different clocks, that is the wall-clock, that runs slower, and therefore yields a
higher expansion velocity, or the global average clock, that runs faster, and therefore yields a
lower velocity, resulting in H,(z,)=61.7kms™ Mpc™ and H (t)=482kms ' Mpc™,
respectively, a difference of 28% ("°**").

The apparent acceleration of the expansion of the Universe.- Wiltshire also redefines the
redshift, taking into account the difference between the observer’s clock and time located in a
wall, 7, and the global average time ¢ (see next mathematical box).

1% Wiltshire explained to me that he has omitted the suffix W in his article from equation (38) onwards and stressed
the importance of equation (48): “This equation relates the thing we interpret as the average Hubble parameter H
to an underlying bare Hubble parameter H . Both of these are “measurable.” The point is that there is not only an
average Hubble parameter, but a variance in the Hubble parameter, if referred to one set of clocks, such as ours.
Equation (42) quantifies both the average and their variance.”

2% David Wiltshire, “Exact solution to the averaging problem in cosmology”, arXiv:0709.0732 (2007): 2, equation 8
and “Cosmic clocks, cosmic variance and cosmic averages”, in: New Journal of Physics (2007): 25, equation 42

22! David Wiltshire, “Cosmological equivalence principle and the weak-field limit”, in: Physical Review D, vol. 78
(2008): 12.
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MATHEMATICAL BOX 16. THE REDSHIFT IN WILTSHIRE’S MODEL

The redshift z determined by observers in dense regions is defined as a function of the
redshift z determined by observers whose watch measures the global-average time:

dt
7a70
dt,/dr
l4o=% dn, ~_ di/dz, (1+z) and l+z=—""(1+z) (145)
a di, _ di,/dr, dt/dz,
dr,

The redshift of supernovae cannot easily be established, because of the dust in the
host galaxy of supernovae and colour variations, but observers in dense regions observe
larger redshifts of the same supernova then observers in voids or global-average ones.

In the Riess sample of 182 supernovae type la, the Wiltshire model is a perfect fit of the
relation between distance and redshift, as can be appreciated in the following graph.*** The same
cannot be said for other supernovae samples. We will return to this point shortly.

Graph.- The relationship between distance and redshift in the Buchert-Wiltshire paradigm

The Buchert-Wiltshire model results in a new age of the universe (remember that
tie =7/v=1/H), estimated to be a thousand million years older than is usually assumed in the

standard ACDM model (see next graph).*

22 David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”, in New Journal of Physics (2007): 35
23 7.
Ibidem, p. 37
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Graph.- The relationship between age of the Universe and redshift,
according to ACDM and the new Buchert-Wiltshire paradigm

What is said until now prepares the way to resolve the question of the apparent acceleration of
the expansion of the Universe, which is attributed by many cosmologists to the negative pressure
of dark energy, and which Kolb, Matarrese and Riotto attribute to the sole influence of the
backreaction. In Wiltshire’s view, the backreaction by itself is too small to explain this apparent
acceleration of the expansion velocity.***

(Why do 1 speak of apparent acceleration? ;Is the acceleration not real? Yes and no. The
fundamental relativistic principle that guides us is the following one, formulated by Wiltshire:
“Systematically different results will be obtained when averages are referred to different
clocks.” If we observe a supernova, that moves away from us, and is located at the other end
of the void that surrounds us, the velocity and redshift of its light, passing through this large
void, and reaching an observer in a strong gravitational field, will be higher when measured by
the observer’s clock than by the clock in the void. The clock in the more dense region runs more
slowly than the one in the void. For that reason, the deceleration measured with the wall clock
will be different from the one measured with the clock in the void. When measured with the
clock in the void, the supernova will appear to move away from us at a slower rate, and its light
will appear to have a smaller redshift, then when measured with the wall clock, because of the
differential clock rates. A terrestrial observer, measuring with his own, slower running wall clock
the redshift of the supernova’s light, might observe an acceleration, whereas an observer located
in the void surrounding us, might measure, with his faster running clock, a deceleration “it is
quite possible to obtain regimes in which the wall observers measure apparent acceleration,

224 .
Ibidem, p. 22
2 David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”, in: New Journal of Physics (2007): 27



100

93226

q <0, even though void observers do not [q>0]. Today, the parameter of the global

deceleration has a value of g =—0.0428 (an apparent acceleration), while this same parameter, in

the proper time of the global-average observer has a value of g =0.0153 (a deceleration).””’

This is why Einstein’s theory is called general relativity: time and space are relative.

The history of the Universe has three periods: 1) a brief period that was dominated by energy;
2) a long period that is now reaching its end, dominated by matter; 3) and a third epoch that is
now beginning, dominated by voids. Actually, right now we live in a transition period between
the matter dominated epochs and the following one dominated by ever larger volumes of voids.
It is precisely in such a transition period that we may observe an apparent acceleration:

“Depending upon parameter values, it is possible for wall observers to register an apparent
acceleration with the deceleration parameter (...) taking values of q < 0. Backreaction and the

rate of decrease of y [= dt/d TW] are largest in an epoch during which the universe appears to
undergo a void-dominance transition, or equivalently a transition in which spatial curvature €,

becomes significant. The reason for apparent acceleration at such an epoch (...): in the
transition epoch the volume of the less rapidly decelerating regions increases dramatically,
giving rise to apparent acceleration in the volume-average. We must be careful to note that these
statements are true, when referred to one set of clocks, such as our own [with time ] (...).

[Closmic ‘acceleration’ is an apparent effect, depending crucially on the position of the observer
and local clocks. Both observers register a deceleration parameter close to zero, a general
feature of a universe which undergoes a void-dominance transition. According to a wall
observer in a galaxy, apparent acceleration begins at an epoch z=0.909 for the present
parameters, when the universe is 7.07 Gyr old, a little under half its current age. The void
fraction at this epoch is f, = 0.587 >

The following mathematical box summarizes the numerical values of the most important
parameters in the new, relativistic Buchert-Wiltshire model.

MATHEMATICAL BOX 17. THE VALUES OF SOME COSMOLOGICAL
PARAMETERS IN WILTSHIRE’S RELATIVISTIC TIMESCAPE MODEL

Below, I reproduce estimates of the empirical values of different cosmological
parameters in the relativistic Buchert-Wiltshire model.

The author (=Wiltshire) has the following differential clock rates in voids and

walls (the lapse function):**’

22 David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”, en New Journal of Physics (2007): 29
27 David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”, en New Journal of Physics (2007): 34
228 David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”, New Journal of Physics (2007): 30,35
2 David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”, in: New Journal of Physics (2007): 21
(equation 28) and David Wiltshire, “Exact solution to the averaging problem in cosmology”, arXiv:0709.0732 ,
(2007): 2 (equation 7)
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1-h
7W=1+( P ’)fv=d‘f =1.381700¢, 29 (146)

r

Let us remember from box 15 that:
£+ f,(0)=10FD (147)

and the present day fraction of voids in the Universe is: "¢ #*?
f, =0.759"012  (148)
so that the fraction of walls is:

£, ~0241 (149)

From (121), (146) and (148), we obtain:
ht)=H, 6/H =y, /y, =dr, /dr, =0.666 (150)
and from (121) and 146), we obtain:

7, = i: 0.92 (151)
dr

v

Wiltshire also gives an estimate of the global-average Hubble constant, called the

bare Hubble constant, since it has a bar on top of the H :**

H(t) =4822 kms™ Mpc™  (152)

Let us remember that (119) and (122) give us:
so that we obtain, from (119), (122) and (152):

H,(1)= al d;lt”’

w

=349 (154)

d
and  H, ()= _s504 (155)
a, dt

v

The author estimates the following value of the universal Hubble constant
measured with the slower running clocks located in the walls, called the dressed
Hubble constant. The fact that the wall clock runs more slowly, means that it
registers the expansion velocity as higher than it would be if measured with the

3% See David Wiltshire, “Cosmological equivalence principle and weak-field limit”, in: Physical Review D, vol. 78
(2008): 9; Ben Leith, Cindy Ng & David Wiltshire, “Gravitational energy as dark energy: Concordance of
cosmological tests”, in: Astrophysical Journal vol. 672 (2007): 4

2! peter Smale & David Witshire, “Supernova tests of the timescape cosmology,” en: arXiv:1009.5855v1, p.3

22 David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”, in: New Journal of Physics (2007): 36-
37 (figs. 4, 5) and Ben Leith, Cindy Ng & David Wiltshire, “Gravitational energy as dark energy: Concordance of
cosmological tests”, in: Astrophysical Journal vol. 672 (2007): 4

233 David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”, in: New Journal of Physics (2007): 21;
and in: “Cosmological equivalence principle and weak-field limit”, in: Physical review D, vol. 78 (2008): 12 and
Ben Leith, Cindy Ng & David 0, “Gravitational energy as dark energy: Concordance of cosmological tests”, in:
Astrophysical Journal vol. 672 (2007): 4
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global-average clock, because it seems that the same distance is covered in less

time.”* Let us remember equation (144) of mathematical box 15:
dr
dt T dTw +1.2 -1 -1
Hy(r,)=—H@t)—————2=61.7"1 kms~ Mpc (156)
dr dt '

w

Let us also remember that Wiltshire proposes:235

Hz(l_h )2 2 (mnota 236
=6f (1— z =6f (1— H —H 157
0=6f( fV)[hﬁfv(l—hr)]z SoA=f)H, —H,) ( ) (157)

From (157), (148), (150) and (152), or from (157), (148), (154) and (155), we
obtain:
0=336 (158)

Wiltshire proposes:>’

0 %
AT L fv)([hﬁfv(l—hr)]zJ (1>

From (148), (150) and (159), we obtain:

0, =-0.0241  (160)

We can verify this result independently through another equation: ***

217
S 161
i Y

From (148), (158) and (161), we obtain:
% —
pr=273.024) 3fv2(1 1 921275 (162)

Since the author defines QQ also as:

% Ben Leith, Cindy Ng & David Wiltshire, “Gravitational Energy as Dark Energy: Concordance of Cosmological
Tests”, in: The Astrophysical Journal, vol. 672 (2008): Table I, p L94 and David Wiltshire, “Cosmological
equivalence principle and weak-field limit”, in: Physical Review D, vol. 78 (2008): 12

3 David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”, in: New Journal of Physics (2007): 21
(equation 31)

236 This is the same result as obtained by David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”,
in: New Journal of Physics (2007): 21, equation (31)

7 David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”, in: New Journal of Physics (2007): 9
(equation 10)

2% David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”, in: New Journal of Physics (2007): 22
(equation 33)
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»2
0, b
oOf, (-1 )H
it follows, from (148), (152), (162) and (163), that:

0, =-0.0241 (164)

:(note 239) (163)

The results of equation (164) and equation (160) are identical, Q.E.D. Wiltshire
stresses the point that this is the present value of Q. The evolution of the value of

Q,, in time (represented by redshift z ) can be appreciated in the following glraph:240

Grafica.- The value of QQ as a function of the redshift z

In a way analogous to the three values of the Hubble constant in the equation of
the backreaction Q, there are three constants of curvature, one for the voids (k,),

one for the walls (&, ) and one global-average (4 ). Since we do not know the values

of k, and £k, neither the values of a and a,, we cannot resolve directly the

following equations for Q, and (R):
(165)
a
- (166)

6k, f, k.1,
(R)y =—3+
H?a® H’a, 6H ,’

Q- bh kS (R

But we can solve equation (113):
_87Glp)
VR

M

Q,, =0333765 (167)

. 241
Since:

29 David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”, in: New Journal of Physics (2007): 25
(equation 45); and Peter Smale & David Witshire, “Supernova tests of the timescape cosmology,” en:
arXiv:1009.5855v1, p.4

9 Courtesy of David Wiltshire in a private communication of May 5th, 2009

2! David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”, in: New Journal of Physics (2007): 27
(equation 55) and David Wiltshire, “Exact solution to the averaging problem in cosmology”, arXiv:0709.0732 ,
(2007): 2 (between equations 6 and 7)
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Q, = 7W3§M (168)
it follows, from (146) and (16%), that the global-average matter density of the

Universe has the following value:*
Q,, =0.125 (169)

Since it is true that: >**

o, 0,070, 0 R | o6 1 a _a amw
Mo T 3t 6H? 6H? ‘ e
so it follows from (164), (169) and (170) that:***
Q, =1-0.125—(-0.024)=0.899  (171)

The non-zero value of Q, implies that the global-average Universe is open
(k<1=Q,>1 =Q,+Q, = 1—-Qu <1). The author also obtains the negative

value of the effective deceleration parameter, as measured with wall clocks (the
dressed parameter), revealing an apparent acceleration of the Universe:**

—(1= /)81 +391, —12f, - 8)
4+ 7, +4£°)
the empirical value of which, can be obtained from (148) and (172):
q(z,)=-0.04287002  (173)
However, the value of the deceleration parameter, as measured by global-average

clocks is positive. That means that, in fact, the expansion of the Universe is
decelerating:**

q(z,) = (172)

2
q(t) = lQM +20), = lﬁM —2 fv(l_fv)(l_hfz
2 [h,+ f,(1=h,]
And through (148), (150), (169) and (174), we obtain:
g(t)=0.015348 (175)
And from equation (174) we can also conclude, that there were two moments in

(174)

. : : 1 .
the history of the Universe when the deceleration parameter g(¢) = EQM , that is to

say, when Q, =0, in the early history of the Universe, when %, —1, and at the

2 David Wiltshire, “Exact solution to the averaging problem in cosmology”, arXiv:0709.0732 , (2007): 42 and Ben
Leith, Cindy Ng & David Wiltshire, “Gravitational energy as dark energy: Concordance of cosmological tests”, in:
Astrophysical Journal vol. 672 (2007): 4

2% David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”, in: New Journal of Physics (2007): 9
(equation 10)

2% Value confirmed by David Wiltshire in a private communication of May 5th, 2009

5 David Wiltshire, “Exact solution to the averaging problem in cosmology”, arXiv:0709.0732 (2007): 4 (equation
26)

4 David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”, in New Journal of Physics (2007): 28,
equation (61)
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final moments of the history of the Universe, when the entire Universe is an
247

immense void f, —>1.

In February 2009, Kwan, Francis and Lewis compared the capacity of both the standard
ACDM model of a flat universe and the relativistic time-scape model of an open universe
(according to Wiltshire and Leich), to be compatible with assumptions about the matter density
parameter of the universe Q,, and to explain observations of redshift of supernovae SNe la.
They concluded, on the basis of Bayesian probability, that the ACDM model is a better fit for
the Union and Constitution datasets than the TS (=timescape) model (initially known as the FB
(=fractal bubble) model), as one can appreciate in the following graph.

Graph.- Comparison of the estimates of (),

in the flat ACDM model and the relativistic time-scape model 248

Smale and Wiltshire answered to these criticisms in September 2010. They showed, among

other things, that
1) Kwan and his team fail to exclude data below the scale of statistical homogeneity, where
things are really very inhomogeneous, using even at this scale the assumption of the flat

global-average parameter values. Adjusting for this mistake, the Q , values, however,

27 David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”, in: New Journal of Physics (2007): 28
> Juliana Kwan, Matthew Francis & Geraint Lewis, “Fractal Bubble Cosmology: A concordant cosmological
model?”, arXiv:0902.4249 (2009): 2
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suffer only a slight correction, not enough to explain why the TS model seems to be such
a bad fit for the Union and Constitution samples.

2) Once the suitable cuts are made, one must also take into account the different data
reduction methods used in different datasets. If the SALT/SALT II fitter is used, as is the
case in four supernova samples (the Union sample, the Constitution sample, the Salt2
sample, and the Union 2 sample), then the Bayesian evidence favors the flat ACDM
model over the TS model. But if the MLCS2k2 fitter is used, as is the case in four other
samples (the Riess07 sample, the MCLS17 sample, the MLCS31 sample and the SDSS-II
sample), then “Bayesian evidence favours the TS model over the spatially flat ACDM
model.”** This means that the “primary question is the method of data reduction.”°

3) Even in the case that the Bayesian evidence favours one model over the other, the
difference is so slight that it is inconclusive according to Roberto Trotta’s version of
Jeffreys® scale of Bayesian probability.”"

The following table gives some of the evidence produced by Smale and Wiltshire

Sample | Datare- | Sample 7’ Q. ex- | £ 7’ Q..

(dataset) | duction | size N pectation correc- correc-
method value ted ted

Union S 307 320 0.12 0.91 351 0.13

TS

Union S 307 311 0.29 / 344 0.28

ACDM

Const. S 397 471 0.10 0.93 320 0.13

TS

Const. S 397 / 0.28 / 313 0.29

ACDM

SALT2 | S2 352 347 0.11 0.92

TS

Union2 | S2 557 551 0.08 0.95

TS

Union2 | S2 557 / 0.274 /

ACDM

Riess07 | M 182 163 0.29 0.79

TS

MLCS17 | M 372 403 0.18 0.87

TS

MLCS31 | M 366 433 0.07 0.95

TS

SDSS-1I | M 288 241 0.38 0.72

TS

SDSS-1I | M 288 238 0.31 /

ACDM

%9 peter Smale & David Witshire, “Supernova tests of the timescape cosmology,” en: arXiv:1009.5855v1, p. 18
20 peter Smale & David Witshire, “Supernova tests of the timescape cosmology,” en: arXiv:1009.5855v1, p. 10
21 gee Mathematical BOX 8, above.
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Let us now compare the Bayesian evidence fore the ACDM and TS models in the case of the
Riess07, Union and Constitution samples, but taking into account only the 140 supernovae that
these samples have in common. In all four cases, according to Smale and Wiltshire, “we replaced
the spatially flat ACDM Iluminosity distance by one that computes the TS luminosity distance,
leaving the rest of the simple_cosfitter code un changed.”* The authors say that “the Bayes
factors [are] representing the integrated likelihood of the TS model over the spatially flat
ACDM model.” ™ **¥ In these three cases the natural logarithm is InB=0.14, In B=0.14
and In B =0.17, respectively, representing a 15% to 19% difference in the likelihood of not
being false between the ACDM and TS models. The authors conclude that “these results
indicate that the models are statistically indistinguisable for the 140 SNe la regardless of the
fitter used” and “both models are a very good fit.” 254

In 2007, Mustapha Ishak and Roberto Sussman demonstrated exactly the same thing for
another relativistic model. The observational data of the supernovae la are concordant with both
the flat ACDM model which is Newtonian and homogeneous, and has a component of dark
energy, and the Szekeres model, which is relativistic and inhomogeneous, and has no dark
energy component.>>

Graph.- The supernovae type 1a data interpreted in the ACDM and relativistic models

22 peter Smale & David Witshire, “Supernova tests of the timescape cosmology,” en: arXiv:1009.5855v1, p. 11

233 Peter Smale & David Witshire, “Supernova tests of the timescape cosmology,” en: arXiv:1009.5855v1, p. 12

% Peter Smale & David Witshire, “Supernova tests of the timescape cosmology,” en: arXiv:1009.5855v1, p. 12, 18,
my underlining

23 Mustapha Ishak, Roberto Sussman e al., “Dark Energy or Apparent Acceleration Due to a Relativistic
Cosmological Model More Complex than FLRW?”. arXiv:0708.2943 (2008)
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Two models explain the same observational data. Both explain the apparent acceleration of the
expansion of the Universe. From the point of view of Bayesian probability calculus the same

data corroborate both models,”® the ACDM model with O L =0.73 (x* =105) having a

slightly higher probability than the relativistic Szekeres model with Q, =0 (y*> =112).
However, “in view of the possible uncertainties involved in the supernova data, it is not clear
that the difference between the two y* is significant.”’

If two different theoretical models explain the same phenomena, we have to apply Ockham’s
raisor and give preference to the more simple, and physically orthodox model, which is the
relativistic one.

The evolution of the large structures in the Universe.- We just saw that there exist
considerable variations of the value of the Hubble constant, depending on the clock that is used
for the measurement. If we do not take into account these variations, the models used to simulate
the evolution of large structures in the Universe are mistaken and, as a consequence, “all steps in
measuring masses of galaxy clusters would need to be carefully reconsidered.”™® In the
beginning, when the Universe was almost perfectly homogeneous, and the perturbations were
minimal, a critical density of uniform matter existed that determined whether the Universe would
eventually collapse or not., and which regions would collapse gravitationally to form large
structures, and which would not, eventually creating the large. To investigate the evolution of
large structures, it is necessary to have an estimate of this background critical density. Wiltshire
comments that in the standard model, a fundamental mistake may be made in the way this
estimate is obtained:

“I will now make the following crucial physical observation. By the evidence of the CMBR,
the universe at last scattering was very close to being truly homogeneous and isotropic.
Therefore, and operational definition of critical density does exist, provided we assume the
Copernican Principle and accept that the universe was globally smooth at that epoch and not
just in our present past horizon volume. (..)

At the epoch of last scattering, t,, the Hubble expansion was uniform, as the local velocity

perturbations were tiny. Given a uniform initial expansion rate there must have existed a
uniform critical density of matter required for gravity to be able to eventually bring that

expansion to zero. This critical density, p,, (t,), therefore sets a universal scale which delineates

the boundary between density perturbations which will become bound, as opposed to density
perturbations which are unbound.

This may seem a trivial point. However, when one considers an inhomogeneous evolution, it is
clear that the average Hubble parameter on a given domain does not correspond to the time
evolved critical density, whether in a dressed or undressed form. The naive use of the Friedmann
equation in cosmology to date means that we could well be making a gross error in the choice of
background in structure formation studies. In particular, we estimate the critical density by

%6 See mathematical BOX 8 of Section 15.2 of John Auping, EI Origen y la Evolucién del Universo (2009)

27 Mustapha Ishak, Roberto Sussman e al., “Dark Energy or Apparent Acceleration Due to a Relativistic
Cosmological Model More Complex than FLRW?”. arXiv:0708.2943 (2008): 5

28 David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”, in New Journal of Physics (2007): 31
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extrapolating back in time using our present Hubble parameter, H , assuming the evolution of

the universe is smooth and that 3 H, 02 /(87 G) is the critical density at the present epoch, when it

is not. If the total density of the Universe is very close to one, this has the effect that we can miss-
estimate the background density of the universe at early epochs where structure formation
boundary conditions are set. We are in effect perturbing about the wrong background by
implicitly assuming that the average density at the present epoch, as determined by the recent
past in our past light cone, is identical to the universe as a whole. By cosmic variance there is no
reason to expect this to be the case.”™’

As a consequence, “neither the volume-average density parameter, Q,,, nor the ‘true’ density
parameter [in walls], Q,, ., will take a numerical value close to those of the ‘concordance’
dark-energy cosmology.”*® The fact that in the relativistic Buchert-Wiltshire model, the
Universe has an age that is a thousand million years larger than the 13.7 thousand million years

normally estimated in the ACDM model, also gives more time to the formation of large
structures.

Let us see this point with some detail. To analyze the distribution of the baryonic mass density
of galaxy clusters, cosmologists generally use the Navarro-Frenk-White (= NFW ) model.*®' The
density profile in this model contains, among other factors, the critical density p,,, which is
defined as a function of the global-average Hubble parameter value at late epochs of the
evolution of the Universe, and this value is very model-dependent. In the Buchert-Wiltshire
model, its value is 40 to 80% of the value obtained in the NFW theorem.”** This error margin is
not trivial and is a consequence of the fact that the NFIW model generates computer simulations
in the context of Newtonian gravitational dynamics of N bodies, which yield results that are
different from those obtained in a relativistic inhomogeneous model, as Wiltshire points out:

“Physically, as long as p,,, represents a closure density, then it must correspond to the true

critical density, 3H* (8 x G), and as indicated earlier this may be typically 40-80% of the value

of the critical density estimated from the global average Hubble constant at late epochs.
Unfortunately, the NFW model is essentially an empirical fit to the results of N-body CDM
simulations in Newtonian gravity. Thus one cannot make any simple qualitative statement about
how its use might change if the closure density is to be recalibrated. If similar empirical fits

apply, then the only obvious deduction we can make is that if [the critical density] p,,. is
effectively overestimated at late epochs, then the density contrast O, is effectively
underestimated. Consequently, (...) we would expect the density contrast in galaxy clusters to be

2 David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”, in New Journal of Physics (2007): 10
(my underlining)

20 David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”, in New Journal of Physics (2007): 27
261 See Julio Navarro, Carlos Frenk & Simon White, “The Structure of Cold Dark Matter Halos”, in: The
Astrophysical Journal, vol. 462 (1996): 563-575 y “A Universal Density Profile from Hierarchical Clustering”, in:
The Astrophysical Journal, vol. 490 (1997): 493-508

2 David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”, in New Journal of Physics (2007): 52
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d 99263

higher than is usually assume The following mathematical box explains some aspects of

the NFW theorem.

MATHEMATICAL BOX 18. THE MASS DENSITY OF GALAXY CLUSTERS

The total galaxy cluster mass is estimated by means of a Newtonian galaxy cluster mass
function (see box 2 ). The mass density profile in the Navarro-Frenk-White theorem has
its origin in the analysis of globular clusters and was later extended to galaxy clusters and
shows us how baryonic mass is distributed in a certain spherical volume. The galaxy
cluster density profile of Navarro-Frenk-White gives us the mass density in a spherical
volume as a function of the critical density p,,,, the density contrast &, , and the radius r

of the sphere:

5C
PV= P s e (176)

The density contrast 6. tells us how much more dense is the mass in the cluster center
than in its outer regions:
. 200 C3 (nota 264)

5. = (177)
3 [In(1+C)-C/(1+C)]

There are two empirical parameters, that is to say, the scale radius g, that is defined as
(r/rg)=1 and the concentration parameter C, that is defined as the rate of radius 7,
and the scale radius r; :

C = ry0 /15 (" ) (178)
where the radius r,,, is the radius at which the mass density is 200 times the average

background radius, which is fixed according to the model that lies at the basis of the
simulations. The following graph visualizes the various factors that intervene in the mass
density profile.

The problem is that in this Newtonian model the critical density p_, is defined as a
function of the global-average Hubble parameter H and its corresponding redshift z :
P =3H*(2)/87G) (179)
whereas the ‘true’ critical density in the relativistic Buchert-Wiltshire model is:

29 David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”, in New Journal of Physics (2007): 52
204 Wiltshire transcribes the NEFW equation with a mistake, that is: 5. =200C> /[3In(1+C)—C/1+C)].,

as can be seen from comparing David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”, in New
Journal of Physics (2007): 52 with Julio Navarro, Carlos Frenk & Simon White, “The Structure of Cold Dark
Matter Halos”, in: The Astrophysical Journal, vol. 462 (1996): equation (4), p. 566

*%% Wiltshire transcribes the NFW equation with an annotation error, that is C = r,,, /7. Compare David

Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”, in New Journal of Physics (2007): 52 with Julio
Navarro, Carlos Frenk & Simon White, “The Structure of Cold Dark Matter Halos”, in: The Astrophysical Journal,
vol. 462 (1996), p. 566
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P, =3H*(2)/(87G) (180)
and the ‘true’ redshift, according to equation (145) in box 16 is:

diy dz,, s
= "+
aidr. 02

w

1+z

Graph.- The galaxy cluster density profile of Navarro-Frenk-White

This is not a trivial error, because p,, should correspond to the true critical density,

3H? (87 G) (equation 180 of box 18), which might be 40-80% of the value of the estimate

derived from the Newtonian model density, 3H*(z)/(8 #G). This big error margin in the

critical density profile of galaxy clusters in the models that suppose Newtonian dynamics
explains several phenomena that would require the dark energy hypothesis in Newtonian models,
for example:
1) From the supposed missing mass, Vikhlinin and his team, conclude that the dark energy
hypothesis of thee ACDM model is necessary.”®® They point out that if the Q w =025,

Q, =0, 7=0.72, would be valid, there appears to be a deficit of about 50% of massive

galaxies, in the nearby range of 0.55 <z <0.90. If we abandon, however, the Newtonian
assumptions of this computer model, the mass density in the sub sample of 11 nearby
massive galaxy clusters might actually be sufficient.

2) We analyzed above the bullet cluster, and its supposed missing mass, that seems to
validate the hypothesis about cold dark matter. Wiltshire comments this case: “If there
are any testable consequences that follow from such considerations [on the background
mass density and the Hubble parameter], then they may possibly apply to highly
dynamical non-equilibrium circumstances, such as that of the collision of the galaxy
clusters observed in the bullet cluster 1E0657-558. The high velocity of the gas shock
front trailing the smaller sub-cluster 1E0657-56 appears anomalously high as compared
to expectations from the masses of sub-clusters inferred by using weak gravitational

266 See graph in Part 6.3
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lensing and with the NFW or King profiles. Others’® have argued that such high
velocities may not be all that rare statistically speaking. Since it is quite possible that the
dynamics of such systems may change in the present [relativistic] model, without
: : —. ; 268

invoking new forces of nature, this issue deserves further investigation.

The anisotropies of the Cosmic Microwave Background Radiation CMBR.- We may
speculate that there is a direct relationship between the evolution of large structures in the
Universe and the conduct of the Cosmic Microwave Background Radiation. The graph of the
CMBR anisotropies that I reproduced above®® has five peaks. Wiltshire formulates a hypothesis
about the various structures of the Universe corresponding to these peaks.”’® The enormous
100/~ Mpc scale of statistical homogeneity would correspond to the first Doppler peak, which
implies that there are no structures in the Universe in excess of this scale. The scale of the
3047 Mpc dominant voids would correspond to the second Doppler peak, namely, the first
rarefaction peak, which is well within the nonlinear regime of structure formation. The third
Doppler peak, which is the first compression peak within the nonlinear regime, would give the
scale of the largest bound structures that have broken from the Hubble flow, namely galaxy
clusters, and the fourth Doppler peak, which represents the second rarefaction peak, may
possibly give an independent scale corresponding to mini-voids. Wiltshire concludes that “these
qualitative speculations about the correspondence of the Doppler peaks to the observed scales of
present epoch structures should be verified from a numerical model of structure formation.””1

The most important point to be made here is not, however, the correspondence of various
structures at different scales to the different Doppler peaks of the CMBR, but the fact that the
wavelength and temperature of this radiation obtain different values when measured in different
regions of the Universe. This is not a matter of putting in doubt the cosmographic observations
of the CMBR, its temperature and its anisotropies, but rather a matter of interpreting these data
from the point of view of different cosmological theories and models. We already encountered
the recalibration of the redshift of electromagnetic waves,”’> among them the CMBR . There are
important implications of recalibrating the parameters of the theoretical models used to interpret
the data. Wiltshire explains that modern cosmology is in a habit of using the CMBR of
gravitationally bound systems to obtain estimates of this radiation in early epochs of the
Universe, and that this procedure might be wrong:

“[T]he redshift of the CMBR as measured at a co-moving volume-average position is greater
then in [gravitationally] bound systems. Since the volume-average CMBR temperature is used
to calibrate several parameters associated with the primordial plasma, we need to recalibrate all
quantities associated with the early universe. (...) An important consequence of the variation in

27 Among them Simon White of the NFW theorem

28 David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”, in: New Journal of Physics (2007): 52
(my underlining)

299 See graph Part 6.4

21 David Wiltshire, “Cosmological equivalence principle and the weak field limit,” in: Physical Review D, vol. 78
(2008): 11

"' David Wiltshire, “Cosmological equivalence principle and the weak field limit,” en: Physical Review D, vol. 78
(2008): 11

2 See equation (50) of mathematical BOX 16
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clock rates between ideal co-moving observers in galaxies and voids, is that the temperature of
the CMBR will be lower when measured at the volume-average in voids, taking a value

T =y'T, at any epoch, where T is the [apparently higher] temperature of the CMBR as seen
by wall observers [like ourselves].”"

We can make an estimate of this difference in temperature of the CMBR as measured from
different locations and with different clocks. The temperature that we measure from our
terrestrial position is 7, =2.725K, but, when measured from a global-average position, it is
o d .

T, = c;tWT o :1;8(2.725)K =1.975K . All this has also consequences for the measurement of
the anisotropy scale of the CMBR :

“[T]he fact that we observe an almost isotropic CMBR means that other observers should
also measure an almost isotropic CMBR. However, it does not demand that such observers
measure the same mean CMBR temperature as we, nor the same angular scale for the Doppler
peaks in the anisotropy spectrum. Significant differences can arise due to gradients in the spatial
curvature and associated gravitational energy. (...) [T]he locally defined or bare Hubble
parameter H , can be uniform even though voids appear to expand faster than the bubble walls
which surround them, since cosmic clocks within voids tick faster on account of gravitational
energy differences. Since our cosmological observations involve photons exchanged with objects
in bound systems, we do not observe clocks in freely expanding space directly. Nevertheless, an
ideal observer within a void would measure a somewhat older age of the Universe, and_an
isotropic CMBR with a lower mean temperature and an angular anisotropy scale shifted to

274
smaller angles. ”

Especially, we cannot assume a value of z,,  presumed by the Wilkinson Microwave

Anisotropy Probe, because these values imply uncertainties and calibrations dependent on the
standard ACDM model. To get from the calibrations of the algorithms that explain the Doppler
peaks of the CMBR anisotropy specter, to the new algorithms implied by the relativistic
Buchert-Wiltshire model, will require an enormous effort:

“Whereas the underlying physics at the epochs of primordial nucleo-synthesis and

recombination, when y =1, is no different than usual, the fat that volume-average observers

should measure a mean CMBR temperature of 2.725 77071 at the present epoch will affect all the

usual calibrations of radiation-dominated era parameters inferred relative to present epoch co-
moving observers. We are faced with the task of systematically re-deriving all the standard

"3 David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”, in: New Journal of Physics (2007): 32,
40.

" David Wiltshire, “Exact solution to the averaging problem in cosmology”, arXiv:0709.0732, ps. 1-2 (my
underlining).
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textbook calculations®>associated with the hot big bang, and making recalibrations where

2
necessary.” 7

Specifically, some anomalies in the measurement of the large angle CMBR multipoles, might
be explained by Wiltshire’s new model, and the recalibration of the standard parameters will
require an enormous computational effort:

“*[A] staitstical study of several possible systematic errors in the WMAP data by Freeman et
al indicates that, of the several effects they studied, a 1-2% increase in the magnitude of the
peculiar velocity attributed to the CMBR dipole was the only one which may potentially resolve
anomalies associated with large angle multipoles. This is precisely the order of magnitude of

effect we would expect from a ‘AT ‘/ T =107 contribution from a Rees-Sciama dipole.

Effectively, our estimate of the magnitude of the peculiar velocity would imply a 1-2% systematic
error [in the standard model] due to a small anomalous boost. Disentangling the small Rees-
Sciama dipole from the dominant contribution of our own peculiar velocity with respect to the
cosmic rest frame would require an enormous computational effort, and the sky maps would
have to be redrawn. However, in the interest of our fundamental understanding of the universe,
these steps should be taken.”"’

This recalibration of parameters of the cosmic rest frame would probably make the dark energy
hypothesis superfluous, as Wiltshire points out: “I¢ is these recalibrations, which account for
quasi local energy variations, which will allow us to obtain a viable model of the universe
without dark energy.”®’® The same point is made by Hunt and Sarkar: “With the smaller global
Hubble parameter, the WMAP —5 data on cosmic microwave background anisotropies can be
fitted without requiring dark energy.”*"

7.4.- Conclusion

The conclusion of all this is that it may be possible to have a new, relativistic, inhomogeneous
cosmological model, that can explain, among other things, the apparent acceleration of the
expansion velocity of the Universe; the evolution of galaxy clusters; and the anisotropy scale of
the CMBR , without any dark energy:

“As theoretical physicists, we are altogether too much inclined to add all sorts of terms to the
gravitational action (...), rather than thinking deeply about the basic operational issues of our
subject. I believe we should guard the principles that have worked until they can be proven to
fail. It is my own view that Einstein was correct about general relativity, and what I have
presented here follows logically from his theory when combined with initial conditions.”™

3 Wiltshire mentions specifically Jim Peebles, Principles of Physical Cosmology (1993) and Edward Kolb &
Michael Turner, The Early Universe (1990) and we could add Malcolm Longair, The Cosmic Century (2006) and
Steven Weinberg, Cosmology (2008), among other works

7 David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”, en New Journal of Physics (2007): 40
21" David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”, en New Journal of Physics (2007): 47
8 David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”, in: New Journal of Physics (2007): 32
2% Paul Hunt & Subir Sarkar, “Constraints on large scale inhomogeneities from WMAP-5 and SDSS: confrontation
with recent observations”, arXiv:0807.4508, pag.1

28 David Wiltshire, “Cosmic clocks, cosmic variance and cosmic averages”, in New Journal of Physics (2007): 62
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Not all cosmologists, at present, agree. For example, in his new book on cosmology, Steven
Weinberg sustains the standard ACDM model and does not enter into discussion with the new
relativistic model.**' We do not find one single reference in his book to the work of Cooperstock
and Tieu, Brownstein and Moffat, or Buchert and Wiltshire. In his book, The Structure of
Scientific Revolutions, Kuhn explained that scientific revolutions take time in order to be
accepted in the academic community.***

281 Steven Weinberg, Cosmology (2009).
82 Thomas Kuhn, The Structure of Scientific Revolutions (1996)
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Relativistic gravitational dynamics and the
rotation curves of galaxies

F. l. Cooperstockand S. Tieé
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Abstract. We demonstrate that general relativity, universally accepted as the best theory of gravity,
has important consequences for systems hitherto believed to be adequately treated with Newtonian
theory. As an important example, we apply general relativity to the description of the dynamics
of a galaxy. We show that the presently available data of the observed flattened galactic rotation
curves can be accounted for without the currently conjectured vast stores of dark matter in galactic
halos. The galaxy is modeled as a stationary axially symmetric pressure-free fluid. In spite of the
weak gravitational fields and the non-relativistic source velocities, the mathematical system is still
seen to be nonlinear. We determine that the mass density for the luminous threshold as tracked in
the radial direction is approximately 187> kg-m~2 already for six galaxies studied thus-far and
conjecture that this concordance will persist for galaxies yet to be analyzed. This threshold density
has potential value for the understanding of galactic evolution. We present a velocity dispersion
test to determine the extent, if of any significance, of matter that may lie beyond the visible/H]I
region. This is determined by examining the rotation curves at different galactic latitudes, bringing
into consideration the global dynamical structure of the galaxy. The demand for global consistency
applies not only to our own but also to all proposed models and theories.

INTRODUCTION

It is the generally held belief that Einstein’s theory of gravity is primarily a theory for
very strong gravitational fields and that it invariably provides only very small corrections
to Newtonian predictions for weak fields. We have always resisted falling into this
mindset mold. After all, it is well-understood that even very non-relativistic sources
such as ordinary spinning rods or linear oscillators with their accompanying very weak
gravitational fields, will emit gravitational waves yet there are no such waves at all
within the context of Newtonian gravity. General relativity is much richer and much
more complex than Newtonian gravity and it behooves us to avoid hasty judgments.

A prime example of the richness of general relativity concerns the dynamics of
galaxies, vast expanses of billions of stars, for the most part moving in circles about a
central axis of rotation in their generally weak gravitational fields. The motivation for the
work which we will describe stems from the need to account for the observed essentially
flat velocity rotation curves for galaxies. By “rotation curves” we mean the plots of the
observed stellar velocities as a function of distance from the rotation axis. That these

1 cooperst@uvic.ca
2 stieu@uvic.ca
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curves do not fall off with distance as would be expected on the basis of Newtonian
gravity has been a central issue in astrophysics. There has been much speculation over
the question of the nature of the “dark matter” that is generally believed to be required for
the consistency of the observations of higher-than-expected stellar velocities within the
context of Newtonian gravitational theory. While various researchers are now turning to
gravitational lensing in the search for evidence for dark matter, probably the majority of
researchers regard the flat galactic rotation curves as the key indicators. Clearly the issue
Is of paramount importance given that the dark matter is said to comprise the dominant
constituent of an extended galactic mass [6]. The dark matter enigma has influenced
particle theorists to devise acceptable candidates for the constitution of dark matter.
At the present time, various researchers are hoping to discover dark matter particles in
the LHC (Large Hadron Collider) experiments at CERN in Geneva. While physicists
and astrophysicists have pondered the dark matter issue, other researchers have devised
new theories of gravity to account for the observations (see for example [7, 8, 9, 10]).
However the latter approaches, however imaginative, have met with understandable
skepticism, as they have been devised solely for the purpose of the task at hand. To our
knowledge, general relativity has never previously been proposed as a possible means
of accounting for the flat rotation curves without invoking large stores of dark matter.
However, general relativity remains the preferred theory of gravity with Newtonian
theory as its limit where appropriate. General relativity has been successful in every
test that it has encountered, going beyond Newtonian theory where required. Therefore,
should it actually transcend Newtonian gravity in resolving the problem at hand, it would
greatly alter the understanding of some basic aspects in physics. In what follows, we will
set out to show that this is the case. We now provide an overview of the issues.

It is understandable that the conventional gravity approach has focussed upon New-
tonian theory in the study of galactic dynamics since the galactic field is weak (apart
from the deep core regions where black holes are said to be harboured, at least in some
galaxies) and the stellar motions are non-relativisti(¢). It was this approach that
led to the inconsistency between the theoretical Newtonian-based predictions and the
observations of the visible sources alone. To reconcile the theory with the observations,
researchers subsequently concluded that to realize the observed motions, much more
matter than that which was observed must be present to drive the high-velocity mo-
tions. Thus came the notion that a kind of dark matter must be present around galaxies
In various cases massive halos that constitute the bulk of the extended galactic masses.
While this might at first sight appear to be a relatively simple cure to the problem of
motion, these massive halos cannot be identified with any known form of matter, which
is why the adjective “exotic” is sometimes used to describe this presumed matter. How-
ever, in dismissing general relativity in favour of Newtonian gravitational theory for the
study of galactic dynamics, insufficient attention has been paid to the fact that the stars
that compose the galaxies are essentially in motion under gravity alone (“gravitation-
ally bound”). It had been known for many years, in fact since the time of Eddington,
that the gravitationally bound problem in general relativity is an intrinsically nonlinear
problem even when the conditions are such that the field is weak and the motions are
non-relativistic, at least in the time-dependent cédest significantly, we have found
that under these conditions, the general relativistic analysis of the problem is also non-
linear for the stationary (non-time-dependent) case at hdihdis the intrinsically linear
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Newtonian-based approach used to this point has been inadequate for the description of
the galactic dynamics and Einstein’s general relativity must be brought into the analysis
within the framework of established gravitational theory This is an essential departure
from conventional thinking on the subject and it leads to major consequences as we dis-
cuss in what follows. We will demonstrate that via general relativity, what we will refer

to as “generating” potentials producing the observed flattened rotation curves can be
linked to the mass density distributions of the essentially flattened disks, thus removing
any necessity for dominant massive exotic dark matter halos in the total extended galac-
tic composition. It should be stressed that this is insofar as accounting for the presently
available data on rotation curves over the galactic near-central plane. However, further
observations outside of this plane could possibly lead to different conclusions. We will
discuss this as well in what follows.

There is another intriguing result that has emerged from our investigations. In our
initial studies, we have found that in three galaxies, the threshold for luminosity, as
we probe in the radial direction, occurs at about the same density for each:20
kg-m~3. Interestingly, we have now studied three additional galaxies and have found
that as before, the optical luminosity edges occur at approximately the same density as
prevailed in the first cases that we analyzed [11]. This concordance has the potential to
further our understanding of galactic evolution.

Since our initial posting [1], many colleagues have offered their comments and criti-
cisms. We address the most common areas of contention in Section 4. The totality of the
issues known to us have been discussed in [2], [3], [4] and [5]. In those papers, we devel-
oped the theory in more detail and applied it to three galaxies and the Milky Way and in
[11], to three additional galaxies. We also developed a new observational discriminator
for assessing the degree, if any, of external matter that may lie beyond the visible/HI
regions. This is determined by examining the rotation curves at different galactic lati-
tudes, bringing into consideration the global dynamical structure of the galaxy. It is well
to emphasize that the demand for global consistency applies not only to our own but also
to all proposed models and theories.

AXIALLY-SYMMETRIC MODEL GALAXY

Using Newtonian theory, Mestel [12] considered a special rotating disk with surface
density inversely proportional to radius. Using a disk potential with Bessel functions
that we will also use in what follows but in quite a different manner, he found that it
leads to an absolutely flat galactic rotation velocity curve. It also occurs for the MOND
[7, 8, 9] model. It is particularly noteworthy that the gradient of the potential in this, as
in all Newtonian treatments, relates to acceleration whereas in the general relativistic
treatment, we will show that the gradient of a generating potential gives the stellar
tangential velocity (14). This fact bears witness to the essentially different mathematical
structure relating to the physics between the general relativity and the Newtonian gravity
treatments of the free-fall problem.

When we consider the complexity of the detailed structure of a spiral galaxy with
its arms and irregular density variations, it becomes clear that the modeling within the
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context of the complicated theory of general relativity demands some simplifications.
As long as the essence of the structure is captured, these simplifications are justified
and we can derive valuable information. Thus, in terms of its essential characteristics,
we consider a uniformly rotating fluid without pressure and symmetric about its axis of
rotation. We do so within the context of general relativity. In generality, the stationary
axially symmetric metric can be described in the form

ds? = —'""W(udZ +dr?) — r2e dg? + €"(cdt— Ndg)? (1)

whereu, v, w andN are functions of cylindrical polar coordinate. It is easy to show
that to the order required,can be taken to be unity. Retaining terms of non-zero order
in G for u induces terms of orde®" with n > 1 in the field equations. It is simplest to
work in the frame that is comoving with the matter,

U'=3, (2)

whereU' is the four-velocity This is reminiscent of the standard approach that is fol-
lowed for FRW cosmologies. However, the FRW spacetimes are homogeneous and they
are not stationary. The comoving approach was taken in the pioneering paper by van
Stockum [13] who setv = 0 from the outset. Interestingly, the geodesic equations imply
thatw = constant(which can be taken to be zero as in [13]) even forékactEinstein

field equations as studied in [13]. In fact the requirementwhatO can be seen directly
using (2) and the metric equatigRU'UX = 1 [2]. As in [14] [15], we perform a purely

local (r,z held fixed at each point when taking differentials) transformation. It is to be
noted that this local transformation is used only to deduce the connection betiveen
andw (and henc&). All subsequent work continues in the original unbarred comoving
frame. The localized transformation is

O=Q+w(r,2)t (3)

which locally diagonalizes the metric. In this way, we are able to determine the local
angular velocityw and the tangential velocity as

0= e ~ 1 (4)
V=owr (5)

with the approximate value applicable for the weak fields under consideration. The
Einstein field equations to ord&* with w kept for later comparison, are

2rvy +N? — N2 = 0,

I'VZ + Nr NZ - 07
N|—2 + N22+ 2r2(Vrr +sz) =0, (6)
Ny

Nrr + Nzz— T =0,
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W, 3
(Wrr + Wzz+ Tr) + ZI’_Z(NI.Z + NZZ)

N N 1
0 (Nrr N Tf) 2V +vz) = BTGp/E (7)

where G is the gravitational constant armis the mass density. Subscripts indicate

partial differentiation with respect to the indicated variable. These equations are easily

combined to give

NZ+N2 8mGp
2 T T2

where the first term is the flat-space Laplacian in cylindrical polar coordinates

2w+ (8)

W,
OPw = Wir +Wzz+ Tr (9)

andv would be determined by simple integration.

The application of the freely gravitating constraint (i.e. stress-free motion) and the
requirement thatv = 0 which arises from the choice of comoving coordinates, the field
equations folN andp in this globally dust distribution are reduced to

N
Nrr+sz—Tr:0 (10)
N?+NZ2  8nGp 1

D (11)

Note that with the minus sign in (10N doesnot satisfy the Laplace equation. Note
also that from both the field equation fprand the expression fap thatN is of order
GY/2, This is a point that has been misunderstood by some of our critics, leading them
to erroneous conclusions.

The nonlinearity of the galactic dynamical problem is evident through the nonlinear
relation between the functiomsandN.. While we have eliminated either by using
the geodesic equations to get (11) or by the metric equation and the choice of comoving
coordinatesN cannot be eliminated and hence nonlinearity is intrinsic to the study of
the galactic dynamics. Rotation under freely gravitating motion is the key factor at play
in the present problem. By contrast, for time-independence in the non-rotating problem,
there must be pressure present to maintain a static configuration (thereby altering the
right hand side of (6))N vanishes for vanishing) and 0w is non-zero yielding the
familiar Poisson equation of Newtonian gravity. In the present case, it iotagon as
encapsulated through the functibinthat connects directly to the density. Thus the now
nonlinear equation is in sharp contrast to the linear Poisson equation.

Interestingly, (10) can be expressed as

[’ =0 (12)

where N
®= / ~dr (13)
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FIGURE 1. Velocity curve-fit for the Milky Way in units of m/s vs Kpc.

and hence flat-space harmonic functiehsre the generators of the axially symmetric
stationary pressure-free weak fields that we seek. (In fact Winicour [29] has shown
that all such sources, even when the fields are strong, are generated by such flat-
space harmonic functions.) These are the generating potentials referred to earlier. It is
noteworthy that these generating potentials play a different role in general relativity
than do the potentials of Newtonian gravitational theory even though both functions are
harmonic. Using (5) and (13), we have the expression for the tangential velocity of the

distribution

N 0P
V=Cc—=Cc—. 14
r or (14)
We now have the necessary mathematical framework in place.

CONNECTING THE OBSERVED GALACTIC ROTATION
CURVES TO THE MODEL

We first consider the ideal strategy for galactic modelling, given the nature of the equa-
tions at hand. Since the field equation fois nonlinear, the simpler way to proceed
is to first find the required generating potentialand from this, derive an appropriate
functionN for the galaxy that is being analyzed. Withfound, (11) yields the density
distribution. If this agrees with the observations, the efficacy of the approach is estab-
lished. This is in the reverse order of the standard approach to solving gravitational
problems but it is most efficient in this formalism because of the existence of one linear
field equation.

For any given galaxy, a suitable set of composing functions for the series that satisfies
the linear equation is required. Once found, this yields the generating potential. With
cylindrical polar coordinates, it is simplest to use separation of variables leading to the
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FIGURE 2. Derived density profiles in units of kgfhor the Milky Way at (a)z= 0 and (b)r = 0.001
Kpc.

following solution for® in (12):
® = Ce gy (kr) (15)

whereJy is the Bessel functiom = 0 of Besselly(kr) andC is an arbitrary constant
(see for example [31]). Using this form of solution, the absolute valwnudst be used
to provide the proper reflection of the distribution for negaivéVhile this produces
a discontinuity inN; at z= 0, it is important to note that in the problem at hand,
this discontinuity is consistent with the general case of having a density z-gradient
discontinuity at the plane of reflection symmetry. This point has been the subject of
considerable attention in the literature. We will return to this issue later.

The beauty of a linear equation is that it allows for linear superposition of solutions.
From (12) we express the general solution of this form as the linear superposition

®= ZCne‘k”|Z|Jo(knr). (16)

We choose as required to the level of accuracy that we wish to achieve. From (16) and
(14), the tangential velocity is

V =~ kiCne 1201 (ar). (17)

For this, we have used the Bessel relatthl(x)/dx = —Ji1(X) (see, e.g. [32]). From

(14), we see that iN should exceed, the velocity would exceed. This does not
occur because with our choice of separable solutions, the velocity is given by (17). As
approaches 0, this function falls gs(i.e. N approaches = 0 asr?) and soV falls to 0

as we see as well in the plots of the rotation curves. Thus the potential problem referred
to by Wiltshire [30] is not present in our case. As well, for large r, the Bessel functions
fall as 1/4/r and hence the velocity goes to O for largén general, this would still lead

to a large amount of matter external to the galaxy. However, by our selecting the right
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multiplying coefficients in the Bessel solution sequence, we can achieve consistency
with a very limited amount of external matter, far less than that which is indicated on
the basis of Newtonian gravity. We have shown this by fitting fictitious faster-thgf-1/
fall-off data for the extension of the observed points in the velocity profile. We choose
thekn so that thelo(knr) terms are orthogonal to each other. The Bessel funciigis)

satisfy the orthogonality relatiorj”'OlJo(knr)Jo(kmmrdr u Omn wherek, are the zeros of

Jo at the limits of integration. With only 10 functions with paramet@gsn € {1...10},

we have been able to achieve an excellent fit to the velocity curve for the Milky Way
(see [4] for the curve-fitting coefficients).

A note should be added here regarding the set of constantbosen for the rota-
tion curve matching. These an®t basic physical parameters as is giegle physical
parameter, the constant of universal gravitatidthat links gravity with matter both in
Newton’s theory and Einstein’s theory of gravity. Rather, these parameters are simply
mathematical shaping numbers that adapt the solution of the Einstein equations to de-
scribe any given particular distribution of matter. Indeed the situation is analogous to the
choosing of coefficients in a multipole expansion in classical physics that is designed to
describe a distribution to any given level of accuracy.

The curve fit for the Milky Way is shown in Figure 1. It should be noted thatlfe)

Bessel functions are 0 at= 0 and oscillate with decreasing amplitude, falling ag/X/
asymptotically [32]. However, this alone does not assure a realistic fall-off of matter.
We deal with this issue in Section 4. Also, our curves dropg approaches 0. This

is in contrast to the Mestel [12] and MOND [7, 8, 9] curves that are flat everywhere.
From (14) and (17), th&l function is determined in detail and from (11), the density
distribution follows. This is shown in Figure 2 as a functionrcdtz= 0 as well as a
function ofzatr = 0.001 Kpc. We see that the distribution is an essentially flattened
disk with good correlation with the observed overall averaged density data for the Milky
Way (see Figure 3). The integrated mass is found to be 2a°M., which is at the

lower end of the estimated mass range o0f2D0'°M, to 60x 10'°M, as established

by various researchers. It is to be noted that the approximation scheme would break
down in the region of the galactic core should the core harbor a black hole or even a
naked singularity (see e.g. [L6]ost significantly, our correlation of the flat velocity
curve is achieved with the modeled disk mass up to an order of magnitude smaller than
the halo mass of exotic dark matter proposed by earlier stufitee e.g.[33, 34].

Itis to be emphasized that general relativity does not distinguish between the luminous
and non-luminous contributions. The dedugedensity distribution is derived from the
totality of the two. Any substantial amount of non-luminous matter @aventional
non-exotic dark matter) would necessarily lie in the flattened region relatively close to
z= 0 because this is the region of significardnd would be due to dead stars, planets,
neutron stars and other normal non-luminous baryonic matter debris. Each term within
the series has-dependence of the forer*/Zl which causes the steep density fall-off
profile as shown in Figure 2(b). This fortifies the picture of a standard galactic essentially
flattened disk-like shape as opposed to a halo sphere. From the evidence provided thus
far by rotation curves, there is no support for the widely accepted notion of the necessity
for massive halos of exotic dark matter surrounding visible galactic disks: the generally
accepted conventional gravitational theory, namely general relativity, can account for the
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FIGURE 3. Cross-sectional density contour plot for the Milky Way model.
FIGURE 4. Velocity curve-fit and derived density for NGC 3031

observed flat galactic rotation curves linked to essentially flattened disks with no evident
need for exotic dark matter, at least not with the velocity distribution data presently at
our disposal.

We have also performed curve fits for the galaxies NGC 3031, NGC 3198 and NGC
7331. The data are provided in [4] and the remarkably precise velocity curve fits are
shown in Figures 4 to 6 where the density profiles are presentedfar= 0. Again the
picture is consistent with the observations and the mass is found to be 101°M,
for NGC 3198. This can be compared to the result from Milgrom’s [7, 8, 9] modified
Newtonian dynamics of 8.x 101°M., and the value given through observations (with
Newtonian dynamics) by Kent [17] of 15x 1019M.,. While the visible light profile
terminates at = 14 Kpc, the HI profile extends to 30 Kpc. If the density is integrated to
14 Kpc, it yields a mass-to-light ratio of ZYHowever, integrating through the HI outer
region tor = 30 Kpc yields 14% using data from [18].

For NGC 7331, we calculate a mass of 6.10'°M.,. Kent [17] finds a value of
433 x 10 . For NGC 3031, the mass is calculated to béd2010'°M., as compared
to Kent's value of 13 x 10'°M.. Our masses are consistently lower than the masses
projected by models invoking exotic dark matter halos and our distributions roughly
tend to follow the contours of the optical disks. Most recently, we [11] have studied
three additional galaxies and we have found the same trend of results.

In the course of our investigations, an interesting serendipitous discovery arose: From

FIGURE 5. Velocity curve-fit and derived density for NGC 3198

Relativistic gravitational dynamics and the rotation curves of galaxies February 6, 2011 9


PyV
Texto escrito a máquina
125


NGC 7331 velocity curve-fit
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FIGURE 6. Velocity curve-fit and derived density for NGC 7331

Milky Way log10(density)

—20 A

—20.5 A
log10(density)

—21+

—21.5 1

0 10 ¢ 20

FIGURE 7.

30

-19.5

—20

—20.5
log10(density)

-21

-21.57

NGC 3031 log10(density)

40

—22

0 10,

20

Log graphs of density for (a) the Milky Way and (b) NGC 3031 showing the density fall-

off. The —21.75 dashed line provides a tool to predict the outer limits of visible matter. The fluctuations
at the end are the result of limited curve-fitting terms.
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the figures provided by Kent [17] for optical intensity curves and our log density profiles
for three galaxies NGC 3031, NGC 3198 and NGC 7331, we found that the threshold
density for the onset of visible galactic light as we probed in the radial direction was
the same for all, namely at approximately #87° kg-m~2 (Figure 7 and Figure 8). The
concordance from our recent investigation [11] with three additional galaxies is moving
in the direction of solidifying the indicated hypothesis that this density is the universal
optical luminosity threshold for galaxies as tracked in the radial direction. Alternatively,
should this hypothesis be further substantiated, the radius at which the optical luminosity
fall-off occurs can be predicted for other sources using this special density parameter.
The predicted optical luminosity fall-off for the Milky Way is at a radius of 19-21 Kpc
based upon the density threshold indicator that we have determined.

CRITICAL CHALLENGES AND OUR REPLIES

There has been an interesting variety of papers critical of our work as well as two papers
lending support to our work [19] [20]. Some of the issues arising from these papers have
been addressed in [2], in [3] and in [4]. In this paper, we will focus on the key areas of
criticism. The complete analysis is contained in our earlier papers and in the book [5].

An issue first raised privately to us by some colleagues and later in [21] [22] concerns
the nature of the matter distribution. They have noted that given the existence of the
discontinuity ofN, that we had pointed to in [1], a significant surface terﬂbman be
constructed with a surface density component given by

N[Nz [V
(BMG/A)8 =7 — (18)

to orderG!. The notatiori..] denotes the jump over a discontinuity of the given function,
here atz= 0. Using (6), this becomes

NINZ N[N
2r2 2r

It was claimed that this necessarily implied the existence of a singulgsicalsurface
of mass in the galactic plane above and beyond the continuous mass distribution that we
had found, thus rendering our model unphysical.

This challenge prompted us to calculate the surface mass that was said to be present
in the first four galaxies that we had studied. This was done by integrating (19) over

(8MG/c)S =

(19)
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the surface. We first did so without paying attention to the actual sign of the result.
Suspicions were aroused from the discovery that (19) in each case gave a numerical
value slightly less than the mass that we had derived from the volume integral of
our continuousmass density distribution using (17), (14) and (11). This pointed to a
plausible explanation: in our cassith our choice of model, there is qdysicalmass

layer present on the= 0 plane. The surface integral of this singular layer is merely

a mathematical construct that indirectly describes most of the continuously distributed
mass by means of the Gauss divergence theorem. To see this, consider thd-vector
defined as

F=Ar2)e +B(r,z)e; (20)
where NN, NN
(8TG/P)B = WJF% (21)

as a first option. We choog¥r,z) so that

/ 0.FdV = (8nG /@M 22)
whereM is the total mass. As a more transparent second option, we choose
(8TG/F)B= Nr—'z\lz (23)
where we define
0.F = (8nG/A)p (24)

From these definitions, we deduce the formAdf, z) in order to produce the density as
expressed througN in (11). We calculate the mass over the cylindrical volume defined
by —00 <z < o0, 0 <1 < rgaaxy By the Gauss divergence theorem, the volume integral
of p, via (24) is equal to the integral of the normal componenk aiver the bounding
surfaces. However, for the application of the Gauss theorem, the integration must be
over a continuous domain and since ggecomponent is discontinuous over the- O

plane, the volume integral must be split into an upper and a lower half. The two new
surface integrals together would constitute the jump integral of (19) in the first option
if one were to be cavalier about the directions of wnitward normals, as we shall
discuss in what follows. The surfaces above and below the galaxy give zero because of
the exponential factors imand the final small contribution comes from the cylinder wall

via theA function.

In our solution, the actuglhysicaldistribution of mass is not in concentrated layers
over bounding surfaces: the Gauss theorem gives the value dfginbutedmass via
equivalent purely mathematical surface constructs as we are familiar from elementary
applications of this theorem. Physically, the density is well defined and continuous
throughout, except on the= 0 plane. In fact the limits ag = 0 is approached give
the same finite values from above and below. While the field equations break down
atz= 0, the density for a physically viable model is logically defined by this limit at
z= 0. However, with the chosen form of solution, the dengitgdientin thez direction
is discontinuous on the= 0 plane. This gradient undergoes a reversal for a galactic
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distribution with diminishing density in both directions away from the symmetry plane.
It is most convenient to achieve this with an abrupt reversal as we have done. There is
no indication that this choice alters the essential physics.

Thus we have shown via the Gauss divergence theorem, that the supposed surface
layer is merely a re-expression of the integrals that constitutedh&nuous volume
distributionof mass. Indeed if one were to reject this interpretation and insist that these
surface integrals reveal additional mass in the form of a layer, then the Gauss theorem
would indicate that this mass must be negative. Indeed various authors (e.g. [22] [24])
have referred to negative mass layers. However, as Bondi had emphasized in his writings,
negative mass repels rather than attracts. Therefore we had set out to test the viability
of the presence of such negative mass to see if repulsion rather than attraction was
in evidence. We considered a test particle in our model that was comoving with the
rotating dust apart from having a component of velotlfynormal to thez = 0 plane.

The geodesic equation in tlalirection reduces to

du? NN, (U?)?
ds  2r

We had computed the compleieseries for the galaxy NGC7331 (see [1]). We then
focused upon points in the range= 0.1 to 30 and points above tlee= 0 symmetry
planez = 0.001 to 1 for the right hand side of (25). All of the points gave a negative
value as expected for theacceleration (i.e. attraction) of a particle in the region above

the symmetry plane. However, if tlze= 0 surface actually harbouregaysicalnegative

mass surface layer, indeed one of numerical value comparable to the positive mass of the
normal galactic distribution, then at the very least, one would have expected to witness
arepulsionof the particle as the test particle approached the boundary, indeed given the
extent of the supposed negative mass, a violent repulsion. The absence of this occurrence
adds further support to our original model [1] as being free of surface layers of mass.

It is true that our choice of solution leads to a discontinuity in the z-derivativé of
across the = 0 plane. It is well to reiterate and emphasize the argument: it goes hand-
in-hand with the physically natural densiyadientdiscontinuity across the symmetry
plane. To see this in another way, consider the essential characteristics of our model
which consists of dust with reflection symmetry about the 0 plane. The density
naturally increases symmetrically as this plane is approached from above and from
below with the same absolute value but opposite sign from symmetry. In all generality,
the density z-gradient will be different from zero as this plane is approached and because
of reflection symmetry, this gradient will of necessity be discontinuous.

Itis to be noted that the density gradient is governed by the behavior of odd derivatives
of N with respect t. However, the density itself is governeddy (11) which has the
same limit as z approaches 0 from above or below. Thus, we define the valaézst O
by this common limit and hence the singularity is removable. It is only with delicate fine-
tuning that this discontinuity can be avoided and this will be the case only if the density
gradient is adjusted to be precisely zero aszthd) plane is approached from above and
below.

As an exercise in response to critical comments [2], we achieved this approximately
by choosing coslk,z) functions in place of exponential functions to span the region
in a sandwich encompassing the symmetry plane and employing the usual exponential

(25)
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FIGURE 10. Matching conditions foN andoN/0z atz = z,.

functions beyond this sandwich. This led to the issue of matchinly @#n@dN, functions

along the external/internal region joins and it was achieved by using many diffgrent
parameters for the external exponential functions as opposed to the original 10 internal
parameters of the original model. In [22], it was claimed that a matching could not be
achieved but these authors had not realized that we used different and many parameters
for the outside regions. Since then, we have refined the fit further by employing hundreds
of external parameters and the improved fit is shown in Figure 10. However, it must
be stressed that the generic situation would be one in which the density gradient is
discontinuous at = 0.

In a follow-up paper [23], the authors pasted a finite thickness layer of density and
stress as a sandwich about the- 0 symmetry plane. This is of some interest in
building more general galactic models. However, there remains the assertion that when
the sandwich is reduced to zero thickness, a surface layer arises which, by the right
choice of parameter, results in having the layer consist of negative mass. Again, the fact
that test particles are attracted towards rather than repelled from this layer, regardless of
the assumed sign of the parameter, negates this interpretation. An essential point is this:
singularities can arise in many forms and must be interpreted properly with the physics
in mind.

In [25], the well-known expression of the field equations in the harmonic gauge in
Cartesian coordinates

16r[GTab

c*

(t?% includes the energy-momentum tensor of the matter plus the nonlinear terms in the
Einstein equations) is invoked. (A related line of reasoning was followed in [21]). In
[25], the author presents the standard description of the post-Newtonian perturbation
scheme to conclude that the solution to the galactic problem must be the usual New-
tonian one and that all corrections must be of higher order. Firstly, we did not use this
scheme (as noted as well in [26]). Just as one would not logically choose Cartesian
coordinates in the harmonic gauge to describe FRW cosmologies, one would not nor-
mally choose these for our stationary axially symmetric galactic problem. Our problem
is greatly simplified with cylindrical polar coordinates comoving with the matter. Sec-
ondly, for the gravitationally bound system under study, the metric components are of

0,,0h®° = (26)
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differentorders inG. This is a key point that was overlooked by some of our critics. If
one were to take the approach suggested in [25], the equations (26) could be schemati-
cally expressed as , , )

where tensorial superscripts have been suppressed and the lower case numbers refer to
orders inG. In this manner, we would have incorporated the nonlinear structure of our
system within the framework of the scheme suggested by [25]. The novel aspect is that
the lowest order equation (of ord&*/2) in (27) has zero on the RHS and the second
equation that would normally be the Newtonian Poisson equation, differs in that it has
nonlinear terms. Thus, the structure of our solution does not proceed as in the standard
approach of (26). In the latter standard approach, the lowest order base solution is the
Newtonian solution whereas in the galactic problem, the lowest order equation is the
Laplace equation for which an ord&'/2 solution is necessary (see [27] where this
component is inappropriately chosen to be zero) and the next order @Ydequation
for the density (28),

NZ+N2  8mGp

2 2

has nonlinear terms in the metric in the form of the squares of the derivatives of an
order G1/2 metric tensor componem. Thus, our situation is unlike standard iterative
perturbation scheme applications as envisaged in [25]. Hence there is no basis to draw
the conclusions that are expressed therein.

Further in [25], the author refers to “extra matter” in the symmetry plane of the
galaxy and muses whether our model “could be somehow fixed”. However, in [2]
we presented the evidence that our solution embodies the physically natural density
gradient discontinuity at the plane of symmetry and that it does not contain extra matter.
Moreover, we showed that if there were to be a surface layer of mass, it would be
negative mass but this was negated by the attraction rather than repulsion of test particles
near the symmetry plane, as we discussed above.

With regard to the issue of gauge, it was argued in [21] that asymptotically flat
solutions are unattainable with a lead-&#/2 order metric component. However, we
have shown that they are readily attainable in conjunction with the physically desirable
N discontinuity and are approximately attainable with the smoothed fine-tuned solution
discussed above. Moreover, they are precisely attainable when an essential singularity
is invoked. This was almost achieved in [19]. Their axis singularity prevented global
asymptotic flatness. However, exact solutions with compactified singularities of the
Weyl type are likely to rectify this deficiency.

A key point is that the equations have an inherent nonlinearity as a result of the
fact that the metric components are of different orders and the different orders are a
necessary consequence of the problem being a gravitationally bound one. The authors
of [19] arrive at our equations (6), (7) (withi set to zero) apart from the exponential
factor which they later note can be taken to be a constant scaling factor and find the same
order of magnitude reduction of galactic mass that we had found [1] starting from their
exact solution class. This provides some vindication for our analysis. It should be noted
that their scaling factor is actually incorporated in our solutions within the computed

(28)
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FIGURE 11. Beyond the HI region, the velocity can be modeled in many different manners: here
Vul//rVul/n,Vul/r?andV u 1/r* are illustrated.

amplitudes of our basis expansion functions. To be particularly noted in [19] is that
their solution class is fine-tuned as the density gradient is precisely zere @t The

price that is paid to achieve this degree of smoothness is the incorporation of an axial
singularity. These authors justify the singularity by identifying it as a jet. While jets are
observed in various galaxies in their formative stages, they are not known to be present
in the essentially stationary galaxies that are being modeled with this class.

We display the accumulated mass for the Milky Way in a highly extended cylindrical
volume of 300 Kpc in size in figure 12. It is to be noted that even assuming a Newtonian-
like fall-off of the form 1/y/r, there is a far less amount of accumulated mass up to
a radius of ten times the visible radius than is envisaged by the use of Newtonian as
opposed to general relativistic galactic dynamics. An even slower accumulation of mass
is seen for the 1/fall-off. For such a fall-off, the accumulated mass is approximately
35x 10%M,, at a radius of 300 Kpc and a linear extrapolatiorr+®00 Kpc yields a
value of 392 x 10'°M,, a very modest increase in comparison to Newtonian modeling.
Moreover, the faster fall-offs of 17rand 1/f* yield very minor mass increases out to
very large radii as can be seen in figure 12. Note from this figure that the accumulated
mass at 30 Kpc is approximately the same for the various fall-off scenarios as well as
the value stated in Section 3 where we used only 10 parameters and where we did not
focus on the bahaviour of the model beyond the 30 Kpc edge of the HI region.

This fortifies our contention that general relativity obviates the need for overwhelm-
ingly dominant massive halos of exotic dark matter.

It is to be noted that our models agobally dust. (We make this choice for the
composition and distribution of the matter for the purpose of mathematical simplicity.)
Therefore there is no basis for a matching with the vacuum Kerr metric asymptotically.
Our models are asymptotically flat with a well-defined mass. The Tolman integral
dictates the value of this mass and since there is no stress and the fields are weak, the
Tolman mass to lowest order is simply given by the coordinate volume integral of the
density.

In [28], the authors fault our models as extended constructs that indicate enormous
guantities of mass beyond the HI regions. This is a useful point of criticism in that we
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FIGURE 12. The Milky Way’s accumulated mass as a consequence of velocity fall-off beyond the HI
region.

had not investigated earlier the asymptotic consequences of the particular parameter sets
that we had chosen to model the observed rotation curves. It is to be noted however that
their argument that mass accumulates linearlyigifaulty as a generalization. With the
correct combination of parameters, the term that would lead to such an accumulation
can be eliminated. Our examples in which we achieve minimal accumulation, provide
the direct proof that this is the case. However, as we first reported in [3], we assure
more realistic fall-off scenarios. It is to be noted that in so doing, while the expansion
parameters are no longer the same as in the earlier sets, we have determined that the net
physical effects are of insignificant difference within the observed matter distribution

in the two approaches. We find that the accumulated mass profiles indicate that most
of the mass of a galaxy is confined fairly close to the region of the visible disk with
modestaccumulations of mass beyond this region. General relativity achieves this with

a pressure-free fluid model, unlike Newtonian gravity. In an interesting approach from

a very different direction, Lusanna [20] has pointed to relativistic inertial effects that do
not have a Newtonian limit counterpart. He has suggested that in the weak field limit,
these effects could match our results.

A VELOCITY DISPERSION TEST AS A DISCRIMINANT FOR
EXTRA MATTER

Clearly it is important to approach the exotic dark matter issue in as many ways as
possible. After all, from a purely formal point of view, general relativity should be
able to model vastly extended distributions of pressure-free fluids in rotation. In this
vein, we have constructed a test in principle that relies upon data iwisitde/HI
regime, thus making it particularly useful. When we examine Figure 12, we see that
different constructed velocity fall-off profiles beyond the HI region imply different mass
accumulations in those external regions. Carrying these back with continuity into the
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FIGURE 13. Velocity dispersion at = 20 kpc for the Milky Way.

visible/HI region, we find that the extent of the velocity dispersion as we track curves
at different non-zera values depends on the assumed external velocity profile fall-off.
(See, for example. Figure 13.)

With sufficient data, it should be possible, at least in principle, to provide limits on
the extent of extra matter that might lie outside of the visible/HI region. To this point,
we have only the data provided in [35] [36] [37] but far more data will be required to
provide an adequate discriminating test.

CONCLUDING COMMENTS

We are often challenged by interested readers to justify how our results could be so
different from Newtonian predictions. They note that the dynamic solar system analysis
proceeds very accurately on the basis that the planets move in almost the same manner as
deduced by general relativity as that deduced by Newtonian dynamics. The observations
of their motions confirm this. However there is an essential difference between the solar
system dynamics and the galactic dynamics. In the case of the solar system, the primary
source of gravity is the sun and the planets are treatéesfigarticles in this field apart

from contributing minor perturbations when the slight changes are being sought. The
planets respond to the field of the sun but their own gravitational contributions are not
retained since they are so small. By contrast, in the galaxy problem, the source of the
field is the combined rotating mass of all of the freely-gravitating elements themselves
that compose the galaxy. There is no one single dominant contributor in the galactic
problem.

We have seen that the nonlinearity for the computation of density distribution inherent
in the Einstein field equations for a stationary axially-symmetric pressure-free mass
distribution, even in the case of weak fields, leads to the correct galactic velocity curves
as opposed to the incorrect curves that had been derived on the basis of Newtonian
gravitational theory. Indeed the results were consistent with the observations of velocity
as a function of radius plotted as a rise followed by an essentially flat extended region
and no large massive halos were required to achieve them. The density distribution
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that is revealed thereby is one of an essentially flattened disk without an accompanying
massive vastly extended dark matter halo. With the “dark” matter being associated with
the disk which is itself visible, it is natural to regard the non-luminous material as normal
baryonic matter. In a very recent investigation, Auping [38] has tallied the baryonic mass
contributions from the galactic elements and has found consistency with our results.

To some extent we have had to assume extensions of matter distribution with assump-
tions regarding ultimate velocity fall-offs beyond that which is actually observed in order
to make comparisons. In the course of these investigations, we have seen that these can
readily yield a picture of galactic structure without huge extended massive halos of ex-
otic dark matter. It would be helpful if new data beyond those presently available would
be produced. This would help tie down the complete physical picture.

Of particular interest is that we have within our grasp a criterion for determining the
extent, if of any significance, of extra matter beyond the visible and HI regions of a
galaxy. It is possible in principle to determine this with data solétyin the visible/H]
region by plotting the velocity dispersion of rotation curves for varibualues. This is
an attractive area for future research. In particular, it expands the demands upon not only
our galactic model but also upon any other proposed model by other researchers. It asks
for consistency between observation and theoretical prediction for the overall averaged
picture of stellar motions within the complete galaxy.

Nature is merciful in providing one linear equation that enables us by superposition
to model disks of variable density distributions. This opens the way to studies of other
sources and with further refinements. It is to be emphasized that what we have taken is a
first step, a general relativistic as opposed to a Newtonian analysis at the galactic scale.
It is noteworthy that others have now come to recognize that the galactic problem is a
nonlinear general relativistic problem even given the conditions of weak fields and non-
relativistic velocities. It will be of interest to extend this general relativistic approach,
with the hitherto neglected consideration of nonlinearities, to the other relevant areas of
astrophysics with the aim of determining whether there is any scope remaining for the
presence of any exotic dark matter in the universe. We have taken one further step in
this direction by analyzing aimtrinsically dynamidree-fall model, that of an idealized
Coma Cluster of galaxies [39] (see accompanying article). This work has the following
attractions: firstly it makes use of axactsolution of the Einstein equations, hence
removing any issues arising from the application of approximations and secondly, being
free of any singularities of any kind, it eliminates any possibility of the kind of objections
that we have discussed in the present paper.

We share the belief of many that the scientific method has been most successful when
guided by Occam’s razor, that new elements should not be introduced into a theory
unless absolutely necessary. If dark matter should turn out to be another case similar to
the ether of the 19th Century, it is well for us to determine this sooner rather than later.
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Abstract. Modified Gravity (MOG) has been used successfully to explain the rotation curves of
galaxies, the motion of galaxy clusters, the Bullet Cluster, and cosmological observations without
the use of dark matter or Einstein’s cosmological constant. We review the main theoretical ideas and
applications of the theory to astrophysical and cosmological data.

Keywords: Cosmology, modified gravity, dark matter
PACS: 04.20.Cv,04.50.Kd,04.80.Cc,98.80.-k

1. INTRODUCTION

The ingredients of the standard model of astrophysics and cosmology are:

General Relativity,

Large-scale homogeneity and isotropy,

5% ordinary matter (baryons and electrons),
25% dark matter,

70% dark energy,

Uniform CMB radiation, 7' ~ 2.73 degrees,
Scale-free adiabatic fluctuations AT /T ~ 10°.

N s L=

Although the model fits available astrophysical and cosmological data [1], it opens up
the mystery that about 95% of all matter and energy are invisible. The dark matter (DM)
does not interact with ordinary baryonic matter and light. No current experiments have
succeeded in detecting DM . The SN1a supernovae data [2, 3] have created the need for
the expansion of the universe to accelerate, promoting the mechanism of dark energy.

In the event that DM is not detected, then to fit all available astrophysical and cosmo-
logical data, we are required to modify Newtonian and Einstein gravity without assum-
ing the undetected DM. A modified gravity (MOG) theory, also known as Scalar-Tensor-
Vector Gravity or STVG [4, 5, 6], is based on an action that incorporates, in addition to
the Einstein-Hilbert term and the matter action, a massive vector field, and three scalar
fields corresponding to running values of the gravitational constant, the vector field cou-
pling constant, and the vector field mass.

We begin in Section 2 by introducing the theory through the action principle, and
establish key assumptions that allow us to analyze physically relevant scenarios. In Sec-
tion 3, we derive the field equations using the variational principle. In Section 4 we solve
the field equations in the static, spherically symmetric case. In Section 5, we postulate
the action for a test particle, and obtain approximate solutions to the field equations for
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a spherically symmetric gravitational field. In Section 6 we demonstrate how the Fried-
mann equations of cosmology can be obtained from the theory. In Section 7, we utilize
the theory to obtain estimates for galaxy rotation curves, galaxy cluster dynamics and
show how the solutions we obtained for the field equations remain valid from cosmo-
logical to solar system scales. Lastly, we end in Section 8 with conclusions.

2. MODIFIED GRAVITY THEORY

The action of our theory is constructed as follows [4]. We start with the Einstein-Hilbert
Lagrangian density that describes the geometry of spacetime:

Lc=— R+2A)\/—g, 1

G 161G ( ) (1)
where G is the gravitational constant, g is the determinant of the metric tensor g,y (we
are using the metric signature (4, —,—, —)), and A is the cosmological constant. We set

the speed of light, c = 1. The Ricci-tensor is defined as

Ruy = Iy — %, +T9, rgﬁ ~T% Ty, )
where I'}, is the Christoffel-symbol, while R = g"VR,y.
We introduce a “fifth force” vector field ¢, via the Maxwell-Proca Lagrangian den-
sity:
1 1 1
Ly =——0 | -B" By — 1%0u0" + V5 (0) | V=g, 3)
4t |4 2
where Byy = 0,0y —dy Oy, W is the mass of the vector field, ® characterizes the strength
of the coupling between the “fifth force” and matter, and Vj is a self-interaction potential.
Next, we promote the three constants of the theory, G, W, ®, to scalar fields by
introducing associated kinetic and potential terms in the Lagrangian density:

11 . (VuGVyG  VyuVyn
Ls = ——{—gw( Hsz + uuz"

G |2
+V”:5)+Vm(w)] V=8 )

— Vu(oV\,o;)>

V6(G)
+ ;2

where V|, denotes covariant differentiation with respect to the metric gyv, while Vg, V,
and Vi, are the self-interaction potentials associated with the scalar fields.
Our action integral takes the form

S= [(Lo+%y+ L+ L) ' 5)

where %)y is the ordinary matter Lagrangian density, such that the energy-momentum
tensor of matter takes the form:

2 88w
V=g dgh’
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where Sy = [ Ly d*x. A “fifth force” matter current can be defined as:

1 3§
V=" (7)
V=8 8¢y
We assume that the variation of the matter action with respect to the scalar fields
vanishes:

OSm

5 =0 (8)

where X = G, L, .

3. FIELD EQUATIONS

The field equations of the theory can be obtained in the form of the first and second-order
Euler-Lagrange equations [5]:

IV (9)
— loV.BY LV, oB" 24V o _ v
1 |©Ve + V0B +opd’ —o 30, J7, &)
VVuvypn  VVGVyp 2
VVVyu — M c +4 Gop ¢u¢”+uvu(u)—V¢(u)=o, (10)
VVGVy o 1 G 1
VVV - v o 2 U8 [SAY
v G STEGu 0o +16 B Buv+4 GVy(0)
+Vg (@) =0, (11)
3VVGVy\G G [(VVuVypu 3
\AA VAN e B A M ol L ol VAP v/ =
Vi
—Vé(G)JrGl jf;” (m)1+%(R+2A) 0, (12)

WoGVeG  VoVsG
( GzB - Gﬁ >(gaﬁg“v 880

G2

1
—8n KEGmuzq)aq)B — -l-aamaﬁco)

(5“85 - lg Pey )

1 1

+&uv (%GVq,(q)) + VGG(ZG) + VHM(ZM +Vm(m)>}

1
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4. STATIC, SPHERICALLY SYMMETRIC VACUUM SOLUTION

In the static, spherically symmetric case with line element
ds*> = Bdt* — Adr* — r*dQ?,

and with dQ2 = d62 +sin” 0d¢2, the field equations are written as

_ =—]
AT S T A’
2, o , 1/ A B Ve
"y 20l o/ - (3 - "_A 2 AB—
¢z+r¢t+w¢t+2< A B)q)t M¢l+ 3%
4TA
=——1,
()

G426 - 3Gl2+1 W o (B Mg
r u2 2

2 G 2 B A
V6(G) Vi () AG(R+2A)
AVL(G) —3A——"2 — AG -
+AV5(6) - 34750 -6 | vy ()| - 290
-0,
M//+%M/_M_'2_gu —f—iG ¢2_é¢2 H3
r u G 4z " B
1 B A / VM(M) /
_ — :0
2 G 1 A 1 B A
Vi P AP -G 2 (2 -2 9 /
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— — —AGVy (¢) — AV, (0) =0
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GO) 2 r Gco 2 r
SJIGT,’ = _ZM—(M), 8nGT, = 2“—‘1)”1)7 (22)
B A
STGT? = 8nGT® = —A—V 1N+1 A + LAH
o = 0 A T 2A2r T 4A2B
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B" B? AB 2B 24 2 2

T AB - — .t s 2 24
AB 2AB® 2A°B  ABr A AR 72 24)
MIZ G/2 n
N=-4 25
T (LL + — G2 —® , ( )
Vo(G) | Vu(W)
V=20GV,(¢)+8n { G(,Ez ) + MMZ +Vw(0))] . (26)

The prime denotes differentiation with respect to r, i.e., y = dy/dr.

These equations can be substantially simplified in the matter vacuum case (T} =
0), with no cosmological constant (A = 0), setting the potentials to zero (Vy = Vi =
Vi, Vo = 0) and also setting ¢, = 0. These choices leave us with six equations in the six
unknown functions A, B, ¢;, G, L, and ®:

B/G/ Gl 1”2 2¢ 2 B// B/2
——— 220G | =+ )| - ——+
2ABG AGr AB B 2AB  4AB?
A'B B A’ 1 1
_ _ - =0 27
+4AZB 2ABr 2AZ%r + Arz 2 ’ 27)

GI/ 2G/2 Bl G/ A/G/ B/ A/
AG  AGZ  2ABG 242G " aBr Az

G/2 M/2 0)/2 (DG}lz(l)z
8 - —= () 28
or (AG2 YA T A T dns ) ! (28)

” 242 2

i woo; G ®

h 4 _ 2
mG(AB B )+ 7t(AG2 Ap2 A)

BG" 26" B

— =0, 29
+2ABG+AGr ABr Ar + (29
2 u? G 1 /B A A0GH?
o= v Moy e A I t 3:
W=t Tl 2 )W T e 0 (30)
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2 G 1 /B A G AGu20?
(DI/ _0)/__0)/ e 0)/ a2 t:() 31
T G +2(3 A) gt 8B ’ 1)
2 3G/2 1 / / 1 HIZ
G// _G/___ (2t G/ - ——0)/2 G
T 2G+Q(B A) +2(W
1
———AGR =0 32
Tom : (32)

The values of A, B, and B are fixed by the requirement that at large distance from
a source, we must be able to mimic the Schwarzschild solution (albeit with a modified
gravitational constant), and that at spatial infinity, the metric must be asymptotically
Minkowskian. The vector field ¢ must also vanish at infinity, which provides another
boundary condition. Next, we assume that the values of G, |, and ® are dependent on
the source mass only, i.e., G’ = 0’ = ®' = 0. We seek the remaining initial conditions in
the form of the fifth force charge Qs, and initial values of G = Gy, L = L, and ® = .
We note that the basic properties of the numerical solution and the solution’s stability
are not affected by the values chosen for these parameters. However, their values must
be chosen such that they correctly reflect specific physical situations. To determine these
values, we now turn to the case of the point test particle.

S. TEST PARTICLE EQUATION OF MOTION

We begin by defining a test particle via its Lagrangian:
Zrp=—m+ OC(l)qS(Duuu, (33)

where m is the test particle mass, o is a factor representing the nonlinearity of the theory
(to be determined later), ® is present as it determines the interaction strength, g5 is the
test particle’s fifth-force charge, and u" = dx" /ds is its four-velocity.

We assume that the test particle charge is proportional to its mass:

qs = xm, (34)

with ¥ constant and independent of m. This assumption implies that the fifth force charge
gs is not conserved, as mass is not conserved. This is the case in Maxwell-Proca theory,
as VHJy, # 0. We also have that the fifth force source charge Qs o< M.

From (33), the equation of motion is obtained

duM
oM B — LAY
m( 75 +F0LBu u ) = —oKkOmB yu' . 35)
That m cancels out of this equation is nothing less than a manifestation of the equivalence
principle.
Our acceleration law can be written as [5]:
GvM
F= T [T —o(l+pr)e ™, (36)
r
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where Gy 1s Newton’s gravitational constant and o is given by
M GDO
O=—=—=|=-1], (37)
(VM +E)? (GN )

where E is a constant of integration.
The acceleration law (36) can also be recast in the commonly used Yukawa form:

GyM
R L [1—|—0Ly (1+1) e*’/x}, (38)
r A
with the Yukawa parameters oy and A given by
Gy
Gy = 39
Y 1+oy’ (39)
0 — M
a = - (Ges — Gi) : (40)
(Goo — GN>M+ GN(\/M+E)2
VM

Here, E and D are two universal constants of integration which can be determined from
fits to galaxy rotation curve data.
We can also express the acceleration law (36) as
GestM
= 42)

_r2’

where the effective gravitational constant G is defined as
Gesr =Gy [1+a—o(l+pr)e ™. (43)
The metric parameter B(r) is given by

2GyM  (1+a)GyM?
+ 5 :
r r

B(r)=1-— (44)

The B(r) and A(r) solutions are shown in Figure 1.

6. COSMOLOGY

In the case of a homogeneous, isotropic cosmology, using the Friedmann-Lemaitre-
Robertson-Walker (FLRW) line element,

ds® = di* — d*(1)[(1 — kr?) ~'dr? + r2dQ2], (45)

the field equations assume the following form:

.. . G . 1 2
u+3Hu—“E—EHEGW%&WVM—VQ =0, (46)
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FIGURE 1. Comparing MOG numerical solutions to the Reissner-Nordstrom solution, for a 10'! M,
source mass. The MOG metric parameters A (solid red line) and B (dashed brown line) are plotted along
with the Reissner-Nordstrom values of A (dash-dot green line) and B (dotted blue line). Horizontal axis is
in pc. We observe that the A metric parameter reaches 0 at below the Schwarzschild radius of a 10'! M,
mass, which is ~ 0.01 pc.
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) Vo
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FIGURE 2. Photometric fits to galaxy rotation curves. There are 2 benchmark galaxies presented here.
Each is a best fit via the single parameter (M/L) based on the photometric data of the gaseous (HI plus
He) and luminous stellar disks. The radial coordinate (horizontal axis) is given in kpc and the rotational
velocity (vertical axis) in km/s. The red points with error bars are the observations, the solid black line is
the rotation curve determined from MOG, and the dash-dotted cyan line is the rotation curve determined
from MOND [7]. The other curves are the Newtonian rotation curves of the various separate components:
the long-dashed green line is the rotation curve of the gaseous disk (HI plus He) and the dotted magenta
curve is that of the luminous stellar disk (from [8, 9].

where H = d/a is the Hubble expansion rate.

It is possible to obtain an exact numerical solution to this set of equations using
numerical methods [5, 6]. To carry out the solution, we assume a pressureless matter
equation of state w = p/p = 0. Detailed fits to cosmological data, including the CMB
angular power spectrum, the matter power spectrum and the SN1a supernovae data have
been obtained [6]. We find that the solutions can yield a “bouncing” cosmology. The
bounce can be fine-tuned by choosing an appropriate value for V. This ensures that
the universe reaches sufficient density in order to form a surface of last scattering. We
emphasize that in our model only ordinary baryonic matter is present with a matter
density of ~5% of the critical density. Nevertheless, the cosmology is flat, due in part
to the increased value of the gravitational constant G, and in part to the presence of the
non-zero energy density associated with V.

7. FITTING GALAXY, CLUSTER DATA AND SOLAR SYSTEM
DATA

Unless one assumes that a massive dark matter halo is present, a typical spiral galaxy
is dominated in mass by the central bulge. The motion of stars in the outer reaches of
a galaxy can, therefore, be well approximated by the equations of motion in a static,
spherically symmetric vacuum field. Indeed, our experience shows that the flat rotation
curves of galaxies provide a sensitive test to determine the values of the constants D and
E. In particular, it is easy to see that our results so far are compatible with the Tully-
Fisher law [10].
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Kepler’s laws of orbital motion yield a relationship between circular orbital velocity
v at radius r from a mass M in the form
2
GM
o (52)
r r
Tully and Fisher [10] have determined that for galaxies, assuming that the brightness of
a galaxy and its mass are correlated, the flat part of the rotation curve obeys the empirical

relationship:
ve <M, (53)

where 3 < n < 4. In our case, we obtain
ve o< VM, (54)

corresponding to n = 4 in the Tully-Fisher relationship.
Taking the next step, we select a small sample of galaxies and obtain an approximate
fit to these galaxies yielding the values

D ~ 6250 MY *kpe, (55)
E ~ 25000 M}, (56)

The galaxy rotation curves we obtain for galaxies of varying mass are in good agree-
ment with these values, treating D and E as universal constants without dark matter (Fig-
ure 2). The galaxy rotation curves were obtained modeling the galaxies as point masses,
benefiting from photometric data, as in the more extensive fit to galaxy rotation veloci-
ties [8, 9, 11]. This exercise demonstrates that our established relationships between M,
o, and i not only satisfy the Tully-Fisher relationship, but also offer good agreement
with actual observations. N-body simulations of galaxy rotation curve dynamics using
MOG have been performed [12].

In [9, 13], the spherically symmetric, static vacuum solution was used successfully
to model galaxy clusters. We are able to produce a comparable result, while keeping
the parameters D and E constant, by introducing an additional assumption: that the
values of the MOG parameters G., and [l at some distance r from the center of a
spherically symmetric distribution of matter are determined not only by the amount of
matter contained within radius r, but by the amount of matter within radius r*. Figure 3
shows the case of r* = 3r.

We have also succeeded in fitting the bullet cluster data [15], using MOG without dark
matter [16, 17].

We have applied MOG to predict dispersion velocity curves for globular clusters,
and found that the predictions follow those of Newtonian gravity [18]. By using Sloan
Digital Sky Survey (SDSS) data, we have investigated how modified gravity theories
including MOND and MOG affect satellite galaxies with the result that the data cannot
currently differentiate significantly between modified gravity theories and dark matter
models [19]. The MOG prediction for lensing caused by intermediate galaxies and
clusters of galaxies has been investigated [20].
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FIGURE 3. A small sample of galaxy clusters studied in [9, 13]. Thin (black) solid line is the mass
profile estimate from [14]. Thick (blue) solid line is the mass profile estimated using our STVG results.
Dashed (green) line is the result published in [13], while the dotted (red) line is the Newtonian mass profile
estimate. Radial distances are measured in kpc, masses in M.

The theory must also be consistent with experiments performed within the solar sys-
tem or in Earthbound laboratories. Several studies (see, e.g., [21]) have placed stringent
limits on Yukawa-like modifications of gravity based on planetary observations, radar
and laser ranging, and other gravity experiments. However, our prediction of the abso-
lute value of the oy parameter is very small when Ay is small. The latter is estimated at
Ay ~0.16 pc (~ 5 x 10" m, or about 33,000 AU) for the Sun, and Ay ~ 2.8 x 10~4 pc
(~ 8.7 x 102 m, or ~ 58 AU) for the Earth. The corresponding values of |oy| are
loy| ~ 3 x 1078 and |oy| ~ 9 x 10714, respectively, clearly not in contradiction with
even the most accurate experiments to date (Figure 4).

In the solar system the MOG field equations become essentially those of the Jordan-
Brans-Dicke model [22, 23], for the influence of the vector field ¢ is reduced to very
small values as shown in Figure 4. However, the standard JBD model coupling constant
ojpp has to be fine-tuned wygp > 40,000 to fit the Cassini spacecraft measurement of the
Eddington-Robertson, parameterized post-Newtonian parameter y — 1 = (2.1 £2.3) x
1073; the other parameter B satisfies p = 1 in MOG. We have resolved this problem
in MOG by coupling the scalar field G directly to matter by means of a scalar matter
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FIGURE 4. Predictions of the Yukawa-parameters from the MOG field equations are not in violation of
solar system and laboratory constraints. Predicted values of A (horizontal axis, in m) vs. |0ty | are indicated
by the solid red line. Plot adapted from [21].

current: |

J = _EGT’ (57)
where T' = T",. This leads to obtaining an agreement with Earth based equivalence
principle experiments and y = 1 [24].

We have plotted M vs. ry = w~! in Figure 5. For the purposes of this plot, we
used previously published results, while noting that our new calculations place dwarf
galaxies, galaxies, and galaxy clusters by definition exactly on the line representing our
prediction. This plot demonstrates the validity of MOG from the scales of star clusters
to cosmological scales.

We have investigated the possibility that MOG can explain in a fundamental way
the origin of inertial mass. The static, spherically symmetric solution does not satisfy
Birkhoff’s theorem as in the case of the Schwarzschild solution in GR. This leads to a
Mach-type influence of distant matter that can determine the inertial mass of a body. A
possible spacecraft experiment has been proposed to test this prediction [25].

On the scale of Earth-based laboratory and solar system experiments with ever greater
precision, MOG may eventually be verified or falsified. Beyond the solar system, as
larger galaxy samples become available, the presence or absence of baryonic oscillations
in the matter power spectrum may unambiguously decide in favor of modified gravity
theories or dark matter [5, 6]. Confirmed detection of dark matter particles in deep space
or in the laboratory would also be a strong indication against modified gravity.
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FIGURE 5. The relationship p>M = const. between mass M and the Yukawa-parameter o = i~ across

many orders of magnitude remains valid. The solid red line represents our theoretical prediction.

8. CONCLUSIONS

In this paper, we have demonstrated how results of our Modified Gravity (MOG) theory
can be derived directly from the action principle, without resorting to the use of fitted
parameters. After we fix the values of some integration constants from observations, no
free adjustable parameters remain, yet the theory remains consistent with observational
data in the two cases that we examined: the vacuum solution of a static, spherically sym-
metric gravitational field, and a cosmological solution. These solutions were explored
using numerical methods, avoiding the necessity to drop terms or make other simplify-
ing assumptions in order to obtain an analytic solution. Further, the constraints used to
compute the solutions are consistent to the extent that they overlap with one another.
The fact that at the level of the calculations presented here, our theory is not obviously
falsified is an indication that we should pursue MOG further, for instance by obtaining
interior solutions to the MOG field equations, and using these solutions to develop tools
to perform N-body simulations.
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Abstract. We review our contribution to infrared Renormalization Group (RG) effects to General
Relativity in the context of galaxies. Considering the effective action approach to Quantum Field
Theory in curved background, we argued that the proper RG energy scale, in the weak field limit,
should be related to the Newtonian potential. In the galaxy context, even without dark matter, this
led to a remarkably small gravitational coupling G variation (about or less than 10~!2 of its value
per light-year), while also capable of generating galaxy rotation curves about as good as the best
phenomenological dark matter profiles (considering both the rotation curve shape and the expected
mass-to-light ratios). Here we also comment on related developments, open issues and perspectives.

INTRODUCTION

Currently there is a large body of data coming from cosmological and astrophysical ob-
servations that is mostly consistent with the existence of dark matter. Such observations
also suggest that the hypothesized particles that constitute dark matter have very small
cross section and travel at speeds much lower than light. These lead to the cold dark mat-
ter framework, which is one of the pillars of the current standard cosmological model
ACDM.

It is not only tempting, but mandatory to check if such dark matter particles exist
(by detecting them in laboratory based experiments, for instance) and also to check if
the gravitational effects that lead to the dark matter hypothesis could follow from a
more detailed and complete approach to gravity. The effects of pure classical General
Relativity at galaxies have been studied for a long time and, considering galaxy rotation
curves, the differences between General Relativity and Newtonian gravity are negligible,
since in a galaxy matter moves at speeds much lower than that of light and is typically
subject to weak gravitational fields (& < ¢?), which leads to the Newtonian limit of
General Relativity .

! There are some proposals that consider General Relativity in the context of galaxies which do not lead
to Newtonian gravity, see e.g. [1, 2, 3, 4, 5]. It is not impossible that a reasonable explanation for galaxy
rotation curves may rely on similar approaches, nevertheless up to now none of such proposals have found
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There is however a newer approach that may change considerably the role of dark
matter, while following standard physical principles. Namely, the investigation of the
running of the gravitational coupling parameter G on large scales as induced by the
renormalization group framework.

The running of coupling constants is a well known phenomenon within Quantum
Field Theory. It is well-known that the renormalization group method can be extended to
quantum field theory on curved space time and to some models of quantum gravity (see,
e.g., [6]), such that the beta functions can be interpreted in this framework. Concerning
the high energy (UV) behavior, there is hope that the running of G in quantum gravity
may converge to a non-Gaussian fixed point (asymptotic safety) [7, 8]. Our present
concern is, however, not about the UV completeness, but with the behavior of G in
the far infrared regime (IR). In the electromagnetic case the IR behavior corresponds
to the Appelquist-Carazzone decoupling [9] (see e.g., [10] for a recent derivation of
this theorem). In the case of gravity the same effect of decoupling has been obtained in
[11, 12], but only for the higher derivative terms in the gravitational action. It remains
unclear whether such decoupling takes place for the other terms. This possibility was
studied on phenomenological grounds a number of times before, e.g. [13, 14].

In [15] we presented new results on the application of renormalization group (RG)
corrections to General Relativity (GR) in the astrophysical domain. Previous attempts
to apply this picture to galaxies have considered for simplicity point-like galaxies.
We extended previous considerations by identifying the proper renormalization group
energy scale u and by evaluating the consequences considering the observational data
of disk galaxies. Also we propose a natural choice for the identification of u, linking
it to the local value of the Newtonian gravitational potential. With this choice, the
renormalization group-based approach is capable to mimic dark matter effects with
great precision. This picture induces a very small variation on the gravitational coupling
parameter G, namely a variation of about 10~ of its value across 10° light-years. We call
our model RGGR, in reference to renormalization group effects in General Relativity.

In order to evaluate the observational consequences of the RGGR model and to
compare it to other proposals, recent high quality observational data [16, 17] from
nine regular spiral galaxies were mass-modelled using the standard procedures for the
baryonic part, and four different models for the “dark” component: i) the RGGR model;
ii) one of the most phenomenological successful dark matter profiles, the Isothermal
profile [18]; and two alternative models which were built to avoid the need for the dark
matter: iii) the Modified Newtonian Dynamics (MOND) [19, 20] and iv) the Scalar-
Tensor-Vector Gravity (STVG) [21]. The latter is a recent relativistic proposal that is
capable of dealing with galaxy rotation curves and other phenomena usually attributed
to dark matter. For galaxy rotation curves phenomena, STVG becomes equivalent to a
similar proposal called MSTG [22, 23, 24]. The model parameters that we use to fit
galaxies in the STVG framework can be found in ref. [23]. While for MOND we use the
ao value as given in [25].

The quality of the rotation curve fits and total stellar mass as inferred from the RGGR
model is perfectly satisfactory considering both the general behavior of the model and

a baryonic mass distribution that is in conformity with astrophysical expectations.
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its results when applied to nine particular galaxies, as analyzed in [15]. It is about the
same of the Isothermal profile quality, while it seems significantly better than the quality
of MOND and STVG. In the case of MOND, we did numerical experiences with ag as
a free parameter and found that, albeit the concordance with the shape of the rotation
curve can considerably increase in this case, the concordance with the expected stellar
mass-to-light ratios remains unsatisfactory (similar conclusions have also appeared in
some recent papers, e.g. [17, 26, 27], and it seems that the concordance can only be
improved by adjusting the MOND’s u(x) function in an ad-hoc way).

THE RUNNING OF G

The B-function for the gravitational coupling parameter G has been discussed in the
framework of different approaches to Quantum Gravity and Quantum Field Theory in
curved space-time. In [15] we followed the derivation used previously in [13]. If G does
not behave as a constant in the far IR limit, it was argued in [13] (and recently in more
details in [28]) that the logarithmic running of G is a direct consequence of covariance
and must hold in all loop orders. As far as direct derivation of the physical running of G
is not available, it is worthwhile to explore the possibility of a logarithmically running
G at the phenomenological level.
Consider the following infrared -function for General Relativity,

dG~! M? _
Bo-1 =u 7 zzvc—;zzvc;ol. (1)

Equation (1) leads to the logarithmically varying G(u) function,

L4-vin (12 /u5)”

where g is a reference scale introduced such that G(ug) = Go. The constant Gy is the
gravitational constant as measured in the Solar System (actually, there is no need to be
very precise on where G assumes the value of Gg, due to the smallness of the variation
of G). The dimensionless constant v is a phenomenological parameter which depends
on the details of the quantum theory leading to eq. (2). Since we have no means to
compute the latter from first principles, its value should be fixed from observations. It
will be shown that even a very small v can lead to observational consequences at galactic
scales.

The action for this model is simply the Einstein-Hilbert one in which G appears inside
the integral, namely,

G(u)

2)

Seultl = < [ Rzt 3)
RGGRg_]67‘C G g x'

In the above, G should be understood as an external scalar field that satisfies (2). Since
for the problem of galaxy rotation curves the cosmological constant effects are negligi-
ble, we have not written the A term above. Nevertheless, for a complete cosmological
picture, A is necessary and it also runs covariantly with the RG flow of G (see e.g.,[13]).
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There is a simple procedure to map solutions from the Einstein equations with the
gravitational constant Gy into RGGR solutions. One need not to follow this route, one
may find all the dynamics from the RGGR equations of motion, which can be found by a
direct variation of the action (3) in respect to the metric, leading to equations of motion
that have the same form of those of a scalar-tensor gravity?. In this review, we will
proceed to find RGGR solutions via a conformal transformation of the Einstein-Hilbert
action, and to this end first we write

G =Go+8G, “4)

and we assume 8G /Gy < 1, which will be justified latter. Introducing the conformally
related metric

_ Go
guv = Eguw 5
the RGGR action can be written as
Seecr[g] = Sealg] + O(8G?), (6)

where S, is the Einstein-Hilbert action with G as the gravitational constant. The above
suggest that the RGGR solutions can be generated from the Einstein equations solutions
via the conformal transformation (5). Indeed, within a good approximation, one can
check that this relation persists when comparing the RGGR equations of motion to the
Einstein equations even in the presence of matter [15].

In the context of rotation curves of galaxies, standard General Relativity gives essen-
tially the same predictions of Newtonian gravity. The Newtonian potential @, is related

to the metric by
2¢Ncwl
800 = — (1 + ) : (7)

Hence, using eq. (5), the effective RGGR potential ® in the non-relativistic limit is given
by

N 2 8G
Newt 2 GO .

An equivalent result can also be found from the evaluation of a test particle geodesics
[15]. In the context of weak gravitational fields ®,,, / c? < 1 (with &, =0 at spatial
infinity) holds, and hence the term 8G /Gy should not be neglected.

In order to derive a test particle acceleration, we have to specify the proper en-
ergy scale u for the problem setting in question, which is a time-independent gravita-
tional phenomena in the weak field limit. This is a recent area of exploration of the
renormalization group application, where the usual procedures for high energy scat-
tering of particles cannot be applied straightforwardly. Previously to [15] the selection
of w o< 1/r, where r is the distance from a massive point, was repeatedly used, e.g.
[29, 30, 31, 32, 13]. This identification adds a constant velocity proportional to v to

o= (8)

2 We stress that it is only the from since RGGR is not a type of scalar-tensor gravity, and G is not a
fundamental field of the model.


PyV
Texto escrito a máquina
154


155

any rotation curve. Although it was pointed as an advantage due to the generation of
“flat rotation curves” for galaxies, it introduced difficulties with the Tully-Fisher law,
the Newtonian limit, and the behavior of the galaxy rotation curve close to the galactic
center, since there the behavior is closer to the expected one without dark matter. In [15]
we introduced a u identification that seems better justified both from the theoretical and
observational points of view. The characteristic weak-field gravitational energy does not
comes from the geometric scaling 1/r, but from the Newtonian potential ®,,,.. However,
the straight relation y o< @, leads to u o< 1/r in the large r limit; which is unsatisfactory
on observational grounds (bad Newtonian limit and correspondence to the Tully-Fisher
law). One way to recover the Newtonian limit is to impose a suitable cut-off, but this
does not solves the Tully-Fisher issues [13]. Another one is to use [15]

M ( ‘I’Nw)a )
Ho @y )’
where @y and o are constants. Apart from the condition 0 < &y < 2 (ie., essentially
d is a reference Newtonian potential), the precise value of @ is largely irrelevant for
the problem of rotation curves. The relevant parameter is o. It is a phenomenological
parameter that depends on the mass of the system, and it must go to zero when the
mass of the system goes to zero. This is necessary to have a good Newtonian limit.
From the Tully-Fisher law, it is expected to increase monotonically with the increase
of the mass. Such behavior is indeed found from the galaxy fits done in [15]. In a
recent paper, an upper bound on v in the Solar System was derived [28]. In galaxy
systems, VO gy, ~ 10~7, while for the Solar System, whose mass is about 10719 of that
of a galaxy, VO sum < 10~17. It shows that a linear decrease on o with the mass is
sufficient to satisfy both the current upper bound from the Solar System and the results
from galaxies.
We also point that the above energy scale setting (9) was recently re-obtained from a
more theoretical perspective [33].
Once the u identification is set, it is straightforward to find the rotation velocity for a
static gravitational system sustained by its centripetal acceleration,

2
V2 a2 (1-”0 ) (10)

RGGR Newt @
Newt

Contrary to Newtonian gravity, the value of the Newtonian potential at a given point
does play a significant role in this approach. This sounds odd from the perspective of
Newtonian gravity, but this is not so from the General Relativity viewpoint, since the
latter has no free zero point of energy. In particular, the Schwarzschild solution is not
invariant under a constant shift of the potential.

In the following, we will comment on the effect of the relation (10) to galaxy rotation
curves. First from a more general perspective, and then to the modeling of individual
galaxies.
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GALAXY ROTATION CURVES

Before proceeding to specific galaxy rotation curves modeling, it is more instructive to
analyze general features of the relation (10), and to compare it to the standard approach.
In [15] we analyze some general aspects and scaling laws of the RGGR model, with
no dark matter, in comparison to the isothermal profile; both of them, at this step,
without gas and with an exponential stellar disk. In particular, it was pointed that the
RGGR rotation curves have a reasonable shape to fit galaxies (i.e., no clear problems
like increasing or decreasing too fast, oscillations...), and that they effectively behave
similarly to cored dark matter profiles at inner radii, whose effective core radius scales
with the galaxy disk scale length. Further details in our paper.

We have also extended the previous analysis by adding a gas-like contribution (a re-
scaled version of the NGC 3198 gaseous part). In particular, this numerically evaluates
how the model behaves on the presence of density perturbations at large radii. In the first
plot of fig. (1) it is displayed the result for RGGR, which is remarkably good (a similar
plot can be found in our original paper), while in the others plots in fig. (1) (presented at
the Conference, but not in [15]) one sees the results for the same mass distribution but
different choices for the energy scale? u.

14 oL
12
~ 10 1t
>808
~ 0
%06
04 -1
02 «

:U/O((I)Newc —2" j © } ! ]
02 4 6 8 1o 12 0 2 4 6 8 10 o0 2 4 6 8§ 10

R/Rp R/Rp R/Rp

0.0

FIGURE 1. The additional circular velocity squared induced by different choices of u. The first plot
refers to RGGR, the two others to different identifications of u: one depends on the Newtonian acceleration
(a variation inspired on MOND) and the other on the (baryonic) matter density. All the plots above display
the additional squared velocity of each model divided by V.2 = vaic? and as a function of R/Rp, where
R is the the radial cylindrical coordinate and Rp is the stellar disk scale length. Black lines depict the
additional velocity due to a pure exponential stellar disk, while the gray solid lines take into account the
gas mass Mgas for different values of f = Mgas/Mgtars, with f =0.2,0.7,1.2,...,9.7 (i.e., the black lines
stand for f = 0). See [15] for further details.

From fig. (1), the two other proposals different from RGGR are seen to be unsuited
as replacements for dark matter. In particular, both are too sensitive to the gas presence,
and both eventually add negative contributions to the total circular velocity at large radii.

In [15] we used a sample of nine high quality and regular rotation curves of disk
galaxies from [16, 17]. In figs. (2, 3) we show one of ours results (see [15] for the
complete set and further details) in comparison to the results of three other models:
a cored dark matter profile (Isothermal profile), the Modified Newtonian Dynamics
(MOND) and the recently proposed Scalar-Tensor-Vector Gravity (STVG).

3 These other choices are also unsatisfactory from the theoretical perspective, since they have no direct
relation to the local energy of the gravitational field in the weak field regime (Py.,, < ).
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FIGURE 2. NGC 2403 rotation curve fits. The red dots and its error bars are the rotation curve
observational data, the gray ones close to the abscissa are the residues of the fit. The solid black line
for each model is its best fit rotation curve, the dashed yellow curves are the stellar rotation curves from
the bulge and disk components, the dotted purple curve is the gas rotation curve, and the dot-dashed green
curve is the resulting Newtonian, with no dark matter, rotation curve.
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FIGURE 3. Stellar disk mass-to-light ratio (Y,p) in the 3.6um band as a function of the color J — K.
Each galactic disk is represented above by an open circle, with a reference error bar of 50% of the Y.p
value. The black open squares display the Y,p values and their associated 16 errors for each galaxy as
inferred from the rotation curve fits for each model. The highlighted square and circle correspond to the
NGC 2403 galactic disk mass-to-light ratios. See [15] for further details.

Due to the considerably large uncertainty in the total stellar mass of each stellar
component (disk and bulge), we first use the total stellar mass as a free parameter for the
fittings (achieved from a x> minimization considering the errors). At a second stage, we
compare the resulting value with stellar population expectations, following the standard
approach.
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On the free parameters of each model, we remark that besides the total stellar mass,
the Isothermal profile has two additional free parameters, the RGGR model has a single
free parameter (ot) while MOND and STVG have no free parameters that can vary from
galaxy to galaxy. On the other hand, both of the latter depend on constants whose values
are calibrated considering its best fit in a large sample of galaxies. We remark that the v
parameter in RGGR cannot vary from galaxy to galaxy, but o can, and galaxy rotation
curves are sensible to the combination va, whose value is about the order of 10~7. The
best fit for NGC 2403 yields vo. = (1.6640.01) x 1077,

CONCLUSIONS

We presented a model, motivated by renormalization group corrections to the Einstein-
Hilbert action, that introduces small inhomogeneities in the gravitational coupling across
a galaxy (of about 1 part in 10”) and can generate galaxy rotation curves in agreement
with the observational data, without the introduction of dark matter as a new kind of
matter. Both High and Low Surface Brightness galaxies were tested [15] . Considering
the samples of galaxies evaluated in [15], the quality of the RGGR rotation curves, to-
gether with the corresponding mass-to-light ratios, is about the same than the Isothermal
profile quality, but with one less free parameter. We expect that similar results would
hold in regard to other cored dark matter profiles, while our results seem better than
those achieved by the NFW profile [15]. We also compared the results of our model
with MOND and STVG, and at face value our model yielded clearly better results.

Our results can be seen as a next step compared to the previous models motivated
by renormalization group effects in gravity, e.g. [13, 34]. Their original analyses could
only yield a rough estimate on the galaxy rotation curves, since they were restricted to
modeling a galaxy as a single point. Trying to extend this approach to real galaxies,
we have shown that the proper scale for the renormalization group phenomenology is
not of a geometric type, like the inverse of the distance, but is related to the Newtonian
potential with null boundary condition at infinity.

The essential feature for the RGGR rotation curves fits is the formula (10), which is
by itself a simple formula that provides a very efficient description of galaxy rotation
curves.

There are several tests and implications of this model yet to be evaluated. In particular
we are working on applying the RGGR framework to a larger sample of galaxies
(including elliptical galaxies) [35] and galaxy-galaxy strong lensing [36]. Related work
on CMB, BAO and LSS in search for a new cosmological concordance model is also a
work in progress [37].
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The Concordant Cosmological Model and the
Dark Matter Hypothesis

in Explaining Galaxy Cluster Dynamics

Hans Bohringer

1 Introduction

This talk will be quite observational and I'll give you first of all a description of what galaxy
clusters are and how well we understand them. Then | will go on to talk about how we can
test cosmological models in several ways. We can test cosmological models finding out whether
their structure and the composition of the galaxy cluster is what we expect from theory. We can
find out whether the number count of galaxy clusters comes out right, whether the cosmological
models predict the right number of galaxy clusters for different parts of the redshift and then
finally we can use galaxy clusters to trace their distribution on very large scales and look if that
makes sense with the cosmological model.

2 Galaxy clusters

Galaxy clusters are actually an integral part of the large scale structure of the Universe and they
form from density, positive density fluctuations with a large enough amplitude and a large enough
mass that is collected in the galaxy cluster. Density fluctuations that are larger than the mean
density of the Universe grow in the course of time. If they reach a threshold where the density
is roughly about twice the critical density, this object, this mass agglomeration stops expanding
with the Universe, collapses and forms objects. If you are interested in different masses of objects
that have collapsed and have form, you can mathematically filter the fluctuation field. It's a filter
that just contains the mass. The more you filter the field, the smoother it gets and the longer
you'll have to wait until these filtered peaks reach a certain amplitude. If you look at the critical
amplitude for the formation of objects today, you will find that the objects with a larger filter
mass, that still reach this critical threshold to form objects, have masses of typically 1014 and
1015 solar masses and these are clusters of galaxies.

3 The Coma Cluster

Here we have a composite of two images of galaxy clusters. We have the optical image from the
All Sky Survey and we see a large collection of galaxies (which is what gives the galaxy clusters
their name); but they are much more than just a collection of galaxies. In X- ray images, for
example of the All Sky Survey, performed by the Rossat satellite, you'll see a glowing of X-rays
that extends over the whole cluster. This is a picture of the Coma cluster of galaxies [see image
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below] at a distance of about 110 Mpcs from us and you see a hot gas that is shining in X-rays
outlining the whole cluster. This already gives you a feeling. First of all, we see galaxy clusters
as connected entities, as well defined objects. The big galaxies are typically in the cluster, but we
have stars in the foreground and we have lots of galaxies. This already gives you a feeling that
X-rays are probably a very nice tool to learn something about the structure and composition of
galaxy clusters. Astronomers use a lot of X-ray observations to do that.

4 Hierarchy of structure of the Universe as defined by gravitational
potential

To illustrate the significance of galaxy clusters in the hierarchy of the structure of the Universe,
you can think of them as large mass associations that create deep gravitational potentials [see
image below]. If you take a cross section through the potential of the Universe in this sketchy
way, as shown over here, we will find galaxies which account for a gravitational potential. The
depth of the potential is characterized by test particles that fill up this potential. The depth
of the potential can be calculated or estimated from the velocity dispersion of the stuff that is
in there or the gas that fills up the galaxy typically at high temperatures, for example, for our
galaxy up to a million degrees. If you go to groups, they have a deeper potential. You have
velocity dispersions up to 500 km per second for small galaxies running around the group and
you have an X-ray temperature of the gas that is about a kilo-electron volt and then we go to
really large galaxy clusters up to the most massive ones, which have temperatures in excess of 10
kilovolts and velocity dispersions of 1500 km/second. This really shows what well-defined objects
galaxy clusters are and that we go into the realm of large structures in the Universe that are still
determined by initial conditions. If we go to a super cluster, we don’t have a deep gravitational
potential, but lots of gravitational potentials of clusters and they have their signature at the
same sort of velocity dispersion or temperature as a single galaxy cluster in our neighborhood.

5 Dark matter halos and galaxy clusters

One of the interesting things is the difference between characterizing this gravitational potential
and characterizing the association of matter that some theoretical astrophysicists would call a
dark matter halo [see image below]. If I stay in the conservative picture of Cold Dark matter
(CDM), then a dark matter halo can directly be identified within a galaxy cluster. Looking at
the galaxy cluster in X-ray, we see the whole dark matter halo and can characterize it. If we
look at that dark matter halo associated to galaxies, it is very difficult to make the connection
between the galaxy and the dark matter halo because the galaxy forms after gas was cooling and
forming stars somewhere in the center of the halo. It doesn’t tell you how much this dark matter
halo extends and how much mass is contained, unless you do statistics like gravitational lensing,
or look at satellite motions. So we have a very direct connection between dark matter halos and
galaxy clusters. The only problem we have is that galaxy clusters are dynamically young and
their dynamic time scale is of a few gigayears, not much less than Hubble time and we have
constant growth of this dark matter halo by mergers, which disturbs the equilibrium structure
of these objects. This is our largest problem to characterize the galaxy clusters: measure their
mass when they are not in perfect equilibrium. Still we come from this theoretical side, what is
the expectation if you’re working with a CDM model and do numerical simulations? What do
you expect for the structure of this dark matter halo coming out of these purely gravitational
simulations? Here you have a nice picture [see image below| of how galaxy clusters form from
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the assembly of smaller dark matter halos to form a big dark matter halo and you end up with
something which at least in theory is described as a nice self-similar family of dark matter halos.

6 Distance and density scales

If you have an idea of how to scale different sizes of objects in relation to the same object, you
can get them to line up. We scale them by looking at the different density distributions of dark
matter halos, the small ones and the big ones. The amplitude, if they have just collapsed now,
should be the same, but they have a larger size. You have the fiducial radius to scale their size.
One way to do it is to find out whether the mean density of the cluster is just a certain multiple of
the critical density of the Universe or the mean density of the Universe and you take this density
radius as a scale radius for the cluster. If you then go back and scale these density profiles of
different clusters that are forming in the simulations, you divide them by the same fiducial radius.
These curves are falling nearly on top of each other, so we obtain a self-similar family of objects
where the self similarity parameters are mass, formation time, and concentration parameter. We
can scale the distance of different objects in the Universe as a function of redshift [see image
below]. This is model-dependent. The whole picture changes even if you go from Einstein’s
model to the concordance cosmology model. You have to do everything correctly in each model
and then test its consistency within the model. This was just a theoretical prelude to give you
an idea of what to expect. We can measure mass profiles using the hydrostatic equation and
at the end of this section I will come to how precisely we can actually apply that, but to some
extent at least if we have relaxed clusters and we can assume that the gas is in hydrostatic
equilibrium approximately in the galaxy clusters we form in this hydrostatic equation ... We
get an equation that gives us the mass profile depending on several observables. The observables
are the temperature profile in the cluster and the density profile in the cluster. The temperature
profile absolutely, the density profile in a relative way. And apart from the assumption that
the cluster is in hydrostatic equilibrium, in this way we also assume that the cluster is roughly
symmetric. I will show this later.

7 X-ray observations

X-ray observations give us a possibility to deduce both the density and the temperature of the
gas. We get the density, if you for example measure the X-ray luminosity in a certain bend,
well a typical bend of an X-ray telescope... Luminosity is proportional to the emission that is
measured, so the luminosity that we see is an integral of the line of sight density square of the gas
roughly with a small temperature dependence that can be corrected. If you look at the spectrum,
the spectrum is mostly formed by radiations with lines of some of the ions that have still kept
some of the electrons ... It’s a spectrum that comes from optical plasma with very simple
atomic physics involved in it. If you use nuclear physics, which is relatively well understood, we
can calculate what the spectrum is for some gas at the temperature of a few times 10 million
Kelvin and we can calculate the continuum mostly from free radiations, which is how we can
obtain the abundances of the elements as well as the temperature from the spectrum. One of
the complications is that if you have several temperatures on the line sight, it’s not always easy
to unravel them. But let’s assume that we get that done and then we obtain from the surface
brightness profile of the galaxy cluster to the density profile. You measure the temperature from
the spectra of several concentric rings of the X-ray emission in the cluster and we obtain this
temperature profile. You have to de-project them and then get this mass profile of the cluster.
These are clusters that have been selected because they look very regular.They are supposedly
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quite relaxed and not recently disturbed from a major merger. So we obtain a mass scale, and
the mass profile if you scale by the scaling rate, the fiducial radius, and if you scale by the total
mass, we obtain the mass profile that has a shape which very well matches the Navarro, Frank,
and White profile for these clusters. A similar result has been obtained by others from data that
come from the Hassle peak X-ray observatory. So in this way we recover the density profile that
can be predicted by numerical simulations. It’s very difficult to distinguish between a Navarro,
Frank and White and a Moore profile. In this way you can see all this relatively well, because
it’s difficult to get very good optical precision in the very center and at the outskirts.

8 Differences between the central parts of different galaxy clusters

In the central part of a regular cluster we have a central dominant galaxy. There is a lot of
difficult physics going on in the center and it’s very difficult to separate that from the details of
the modeling. However, we have a very good consistency between model predictions and what
we actually observe. We can extend that to clusters which are not regular. We have done a
large survey on galaxy clusters that we selected only by their X-ray luminosity and redshift ,in
a certain way, to optimally look at them with the XMM telescope. They go from small mass to
large mass and are characterized by temperatures between 2 to 10 kilo-electrovolts for the galaxy
clusters. We look at how much they can be explained as a self-similar family of objects. Again if
we look at the density distribution of the gas determined from the surface brightness profile and
you look at this scale radius and the scale density parameter over here, we see that we can get
them to look very self-similar for a large part of the radius. This is a logarithmic scale for a large
part of the radial range. But we have a problem in the inner part. If we look at the temperature
profiles, we can see something similar. We see decreasing temperature profiles over most of the
volume of the clusters and then we have this diversity in the inner part. This diversity comes
from what was formerly called a cooling flow problem and now it is called a cool core problem.
We have galaxy clusters with denser gas in the center and then usually they have a CD galaxy
and a big black hole that fights back and then it shows feedback. We have galaxy clusters with
less density and higher temperatures in the center which often have been recently disturbed by
merges and they have less cool cores. So we have a high diversity here in the hydrodynamics, as
far as what happens in the center of the clusters is concerned; but if we cut out this inner part,
we have a very good feeling of how to characterize the statistics of this dark matter halo and to
get a feeling of how well can determine mass, what scatter we have with different parameters.

9 Pressure profiles

One of the interesting parameters of course is the pressure because the derivative of the pressure
is where we get the mass from and the pressure shows regular profiles if we scale it in the right
way. And you can compare that also to model predictions of different types. Now, if we are going
to hydrodynamics, this is much more complicated and we are not at the point where simulations
know exactly what physical recipes they should put in because there are differences between
different models. But you can see that there are three different types of simulations shown here.
They are predicting these pressure profiles in these dark matter halos with differences of up to
20%. If you compare it to the observed pressure profiles, there is a relatively good equilibrium
between the two so we are recovering the properties of galaxy clusters and get a good feeling for
the statistics. They are a relatively nice self-similar family of course with certain variation that
we try to characterize as statistical scatter in the relation.
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10 Galaxy clusters and the mass of the dark matter halo

If you want to know how to use these galaxy clusters that we see for example in large surveys,
that’s one of the next steps I will be doing. We want to have a simple observable and then try to
make a prediction for their mass or the mass of the dark matter halo. This is what theoreticians
want to have to fit observations into their models. What we want to fit into the theoretical
models is the mass of a dark matter halo within a certain fiducial radius and then we have a
simple parameter that we can easily measure for a large number of clusters. For example, for
X-ray luminosity, we can take these samples where we have deep X-ray observations and have
measured the properties very well and,we can see that because of the self-similarity we get a very
good correlation between the X-ray luminosity and the mass of the galaxy clusters. But we still
have a scatter of more than 40% in predicting the mass, if you just take the X-ray luminosity.
It gets better if you excise the center, where we have this diversity, and we can collapse the
scatter of the relation by a good factor of two and get a much better prediction. X-ray measured
gas mass is an even better predictor because it has a lower scatter, as low as sometimes 10% in
predicting the mass.

11 s it correct to apply hydrodynamic equilibrium to measure mass?

So we have now a very good understanding of the variety of galaxy cluster shapes and we have
a good idea of how to predict their masses. The next thing of course you can now ask is: “Is
it correct to apply hydrodynamic equilibrium to measure mass?” And you can also question
if the spherical symmetry of the galaxy clusters is the right way to go. People have done
hydrodynamic simulations to test how well these observational recipes work in determining the
mass on theoretical clusters. I have to say that I still don’t trust the hydrodynamics of simulations
well enough and we can show in certain cases that there are differences between what we observe
and what is modeled. But things come closer and closer together.

12 Gravitational lensing as another ways to measure mass

We also want to do it by observations. One of the ways, but still this is done with low statistics, is
that we try to compare masses that are determined from gravitational lensing for galaxy clusters
with the ones we get from X-rays, for example a sample of clusters of the Locus project. The
X-ray analysis was done by Zhang. This is another set of observations from the Canadian team.
Others too have published comparisons of the X-ray and lensing masses, for example Alexander
Vikhlinin. The lensing measurements are made by the group of Hoekstra.

13 Measuring errors and bias

A problem here is that lensing masses have a large scatter, that deviates from the true probable
scatter mass. One knows this from simulations, because you have a foreground structure and a
background structure that is added to your lensing signal you will not, even in the best cases
have a better estimate than 30% in measuring the mass. But for large samples it is believed that
the lensing masses are unbiased while the X-ray masses could be biased in a certain way. So we
need a lot of data to beat the scatter in this relation and to actually measure the bias between
the two measurements. I think at the moment, taking about all the measurements we know,
the best measurements, we see that probably the X-ray mass is too low an estimate, with a bias
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of about 10% to 12% low. One of the reasons why the X-ray mass estimate is low is probably
because what is not taken into account in the analysis that I have been showing is the motion
of the gas and the gas has turbulent motion and slotting around. Hydrodynamic simulations
show that this can be of the order of 10% to 20% of extra pressure that has not been taken
into account in the mass estimate. So this is where we stand. I would say we have an idea of
the galaxy cluster masses that we can determine from temperatures or luminosities in the best
case with an accuracy of about10%. This is good enough to make nice measurements, to test
cosmological models and to make a statement of Omega Matter, Omega Lambda, Sigma 8.

14 Components of galaxy cluster mass

Another interesting thing is that you can now look at how the galaxy clusters are, what are the
components that make the mass of a galaxy cluster. We have several components. One is stellar
mass in the galaxies, the next one is gas mass and there appears to be a large amount of missing
mass —whatever it is, some say dark matter—, if we stay within the conventional concordance
models using Newtonian gravity. One of the things we find is that the stellar mass fraction, the
percentage of mass that is in the stars and in the galaxies is actually a decreasing function of the
total mass of the system, but if you look at the gas mass, it is actually an increasing function
of the system. The larger the cluster, the better it contains all the baryons inside and the gas
against any feedback mechanism that is happening in the inside. The interesting thing is that
if you add the two up and you compare the sum with the total mass value, in the conventional
concordance model of baryonic mass, you need the dark matter mass. The distribution is [see
image below]:

This means that stars and gas account for about 16% of the total galaxy cluster mass. This
figure would approach 15%, when we take into account a little bit of loss of baryons for the
most massive systems, but we still have this larg deficit for the less massive systems. We are not
talking about dark energy, we're talking about matter, dark matter and baryons. There’s a lot of
interesting things happening here: a lot of hydrodynamics and very interesting astrophysics lots
of baryons over here and in the stellar mass fractions, most of it still not perfectly understood.
But I acknowledge the fact that for massive clusters, when one recovers the baryon fraction, one
can even account for a little bit of the loss of baryons with the help of simulations.

15 Omega Baryonic and Dark Matter estimates

In a galaxy cluster we get 85% of dark matter and we get 15 percent of baryonic matter. If you
want to see the agreement with the baryonic matter density obtained from Big Bang nucelo-
synthesis, which is about 4 percent of the total density of the Universe (this is what we have for
a Hubble constant of 70), you can come up with Omega Matter, which is less than the critical
density of the Universe. That is the result that is about 15 years old, but could be derived from
galaxy clusters. We see about 10 percent for the error bars. So, if we take the galaxy cluster
composition as roughly representative for the Universe, we get a total matter density of something
like 30 percent and a baryon density of about 4 percent comparing the cluster composition with
nucleo-synthesis. Now you can do the next step and I'm a little bit skeptical on the application
of that and the people who do it. I think the accuracy with which this is done is OK. They say, if
we take the baryon fraction in clusters as an invariant, the measurement of this baryon fraction,
the number that we obtain, depends on your cosmology and depends on the diameter distance.
So doing the exercise and calculating baryon fractions for galaxy clusters at various redshifts
within the frame of different cosmological models, you can get an almost invariant gas density.
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This is the Einstein model, so you can use it to test your cosmology models. I used Steve Allen’s
results and tried to calculate the diameter distance from the X-gas. What they haven’t done is
that you can actually put these results in terms of a Hubble diagram and then you can see the
diameter distance as a function of redshift [see image below] and you can see in a conventional
way, as is the case with supernovae, which cosmological model best fits the Hubble diagram..
From a consistency check with different cosmological models they get an Omega Lambda within
a certain range, and Omega Matter within a certain range. We are now getting the first few
clusters at higher redshift. This is where reliable data are available. The scatter in the data and
the statistics of the data just give you very interesting results on the Hubble constant, close to
the value expected, but you would need more data and go to higher redshift here to distinguish
between different cosmological models. So the preliminary result of this chapter is that we do find
a good consistency in the shape of galaxy clusters, that we see roughly with what is predicted
from cold dark matter models and the shape of dark matter halos. Using the galaxy clusters as
cosmological yardsticks, assuming that the baryon fraction is an invariant, one gets the first set
of cosmological tests.

16 Cluster mass functions and cosmological models

One of the questions in astrophysics is how far we can push for more precision because it’s not
easy to prove that the gas mass fraction is an invariant and it does rely a lot on hydrodynamics.
But we can use galaxy cluster populations and not just galaxy clusters as cosmological probes.
We can put these data into cosmological models. If one knows the underlying mass density
distribution in the Universe, one can just predict which peaks in the mass distribution form
clusters and from that one can predict cluster mass functions. This mass function has been
tested with very large N-body simulations and has been modified. Such a function of mass starts
with a mass function that has fewer objects with a high mass and then with time more and
more massive objects are formed. If you do galaxy cluster counts as a function of redshift and
as a function of mass you can actually show how the mass is growing with time and you can test
cosmological models this way, because, how this mass function grows with time is very dependent
on the cosmological model we use. We have used the Rossat Aall Sky Survey very intensively and
I'm still working on that, still after 18 years. We have tried to identify as many galaxy clusters
down to a certain down flux limit trying to obtain completeness, which is well over about 90%
and then we obtain the most luminous clusters at different redshift shelves. At high redshifts, we
only get the very luminous ones. Again the closer we come, the more luminous objects we have;
but we have always had a complete sample above a limiting luminosity. Let me show you a lot of
results which are part of our own Reflex survey with a lot of observations about and just about
doubling the number for reflex 2. I’ll show you the first results, but we also pushed the northern
survey. So soon, in the next one or two years we’ll increase the statistics of what I'm showing by
a factor of 4. This shows a redshift distribution of the 400 galaxy clusters and if you have a good
statistical eye you may see that this is not a homogeneous distribution, but that this distribution
is clumped and we’ll come back to that. If we have a cosmological model as indicated, we can
predict how many clusters we see, but we can also predict how they are distributed in space. We
have to choose the right cosmology. We have to make an assumption on the seed fluctuations, so
we use the standard assumption of Harrison and double spectrum inflation, and we modify the
power spectrum in the transfer function according to the type of matter you have and you put
in baryonic acoustic oscillations, but they are so tiny for our purposes that they don’t change
the solutions very much. And then you can make these predictions and we have done that. We
have used our galaxy clusters and determined statistically the X-ray luminosity function from


PyV
Texto escrito a máquina
169


1/0

the known volume in which we count the clusters. The number count of clusters per unit volume
as a function of X-ray luminosity and then we try to make predictions. We get the structure,
we get the mass function of the galaxy cluster and then we use an empirical mass luminosity
relation. You can get from the X-ray luminosity to the mass or from the predicted mass to the
X-ray luminosity. Then, we plot on top of it the predicted X-ray luminosity function and the
concordance cosmological model fits very nicely here. It fails for the groups, but in the group
regime we don’t have a good calibration for the mass and there is some cosmic variance problem
in the sky which adds to that. This can probably be better done in one year from now. You see
how little we know here and it is really difficult to find very good group samples to establish the
mass calibration in this regime; but through trial and error we obtain two important cosmological
parameters, the constraints for Omega Matter and for Sigma A. The sigma A is the amplitude
scaling of the power spectrum. If we take the whole cluster survey we get something like Omega
Matter density close to about 30% and the sigma A is about0.8%. While people were working
on galaxy cluster cosmology, we defended the low sigma A for a long time when a lot of other
people, gravitational lensing people and the first WMAP people wanted a higher sigma A. But
we knew very well that we couldn’t change sigma A that easily. Going from here to here you
increase the number of galaxy clusters by more than a factor of two. We couldn’t do that. We
knew that and we were defending it until we were proven to be right. So we were quite proud
with the results we had at the time.

17  The work of Vikhlinin on Dark Energy

Taking this result just for the present time, we cannot say much about dark energy or the
cosmological constant. We just get a good constraint on Omega Matter, and you can combine
it with supernova tests and WMAP and you can see the cross in the same region. Again this
slide is several years old. Now you can go one step further and you can say I want to measure
the mass function for the proxy mass function not at one epoch, but at different epochs and
one of the nicest works that is available is the one of Alexei Vikhlinin of nearby galaxy clusters
and their mass function. He has derived the mass function by using either the temperature
or the gas mass, the total gas mass, as a proxy and from the calibration on what the mass
should be he calculated the mass function and then he has a sample of galaxy clusters identified
in Rossat pointed observations and at higher redshift and you can actually see how the mass
function is changing. Going to a wrong cosmology, you don’t reproduce these things but the
right cosmology reproduces it. These two slides are shown by Alexei Vikhlinin to show exactly
what you are always pointing out. You can only do a consistency test. You have to do all your
calculations from the beginning for the right cosmology and then ask yourself whether it fits or
not? You cannot start half way and then fit your results.

18 Error margins

Using this equation of a state parameter for dark energy which is somewhere with a large error
bar of at least 10% or more, we obtain an Omega Lambda which is between 60% and 80%.
So again, we have large error margins, but it fits very well with other cosmological constraints
and some similar work has been done by the group of Steve Allen with Mantz. They have found
similar constraints with large error margins scattering around Omega Matter between 0.1 and 0.4
and this is what you can get for small samples of galaxy clusters. If you want to do the next step
and I mean... This is what everybody is aiming for. If you want to see how the cluster number
density depends on the equation of the state parameter, even a variable stable equation of state
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parameter, things become very tough. For example, if we just look at how many galaxy clusters
we find as a function of redshift for a mass of about 1014 solar masses or 1013 solar masses you
can see that changing the W parameter by about 30% gives you more than 30% difference in
the number count. So it would be nice if we would have perfect masses for the galaxy clusters.
It would not be too difficult to devise such a survey. But if one looks in more detail we can see
that for example the number density changes with the mass calibration.... I mean a change
of one percent in the mass scale gives you a 3Most of the populations are galaxy groups and
they are much more difficult to handle than galaxy clusters. They are much more difficult to
observe. And then it gets even tougher, so hopefully we can follow galaxy clusters with this
future instrument from about a redshift of 2 to the present redshift, but that is one of the most
interesting epochs if we talk about dark energy. Because increasing the redshift leverage is so
important, we are doing a very elaborate program at the moment to try to find galaxy clusters
with the X-ray observations that have been done by XMM and now we have about 30 clusters
with nice X-ray emissions. They are very massive objects. It is the largest sample of distant
galaxy clusters with high redshift and it is led in my group by René Fastbender, who has been
mostly doing the work.

19 Far away massive galaxy clusters

Now one of the surprising things is that we started this in 2005 and we pretty much worked with
photometry and spectroscopy so it was hard work, for more than 5 years, to find these 30 clusters
with a redshift of about 0.8 and 17 clusters with a redshift of one. But we were rewarded very
early to find a very unusual cluster at a redshift of 1.4. It turned out that now we have ages,
the images that even the supernova people have followed up in several epochs. We have state
age images from which you can do lensing and we have done a lensing analysis with the XMM
and we have gathered data from which we have determined mass and it turns out to be a very
massive object. If we then calculate what is the chance to find this mass, we find that it is small.
Then again if you calculate how much volume you need to find these clusters at a redshift of 0.4,
it would fit in the conventional concordance cosmology model. There are papers appearing in
literature where people use modified gravity models and other things to explain these clusters,
but we decide to be conservative and wait for more evidence. As a matter of fact, it is just one
object, not enough to draw definite conclusions. We had a lot of internal discussion and we said
we didn’t want to draw conclusions from one object. We should continue and try to find more
evidence, more should be found either by us or by other people. There are lots of opportunities
to find them also in infrared surveys. So we have to wait, but I just wanted to say that there
can always be surprises ... ..

20 Shiucker's work

You can also do large scale structure work and I will be very quick with that. For the reflex survey
we also measured the power spectrum. It was a paper done by Shuecker who unfortunately died
in 2006. He was really one of our brains in this cosmological work that we did. He determined the
power spectrum. He got three different boxes out of our survey and determined the conventional
power spectrum. So there are three dependent data sets plotted on top of each other, but you
can already see that this power spectrum doesn’t dive down early enough to be consistent with
the low omega model. So we have a power spectrum with more points in the low density realm
compared to this one. These are the constraints that we obtain.
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21 Conclusions

Galaxy clusters provide several independent and complementary means to measure or detect cos-
mological parameters. We can use the structures, number counts, and the large scale structure
distribution and as far as our error margins are concerned, which are still substantial, we show
that things are not perfect, but good enough to be compatible with the concordance cosmology
model: So we don’t really have any surprises yet. Maybe that one galaxy cluster we just men-
tioned, but we don’t put that too high. I think a new epoch has come and I want to show you
just one slide.

22 future research

And that is what we want to do. At our institute we’re building a new instrument which is called
e-ROSITA, an X-ray telescope that should be flying in a Russian satellite that is to be launched
officially in 2012. Hopefully in 2013, it will do a four year sky survey. The main goal is to do
cosmology with 50 thousand to 100 thousand clusters and increase the leverage we have now by
a factor of 30. If we also do a lot of work to accompany it, we will also have perfect optical and
gravitational lensing data and if we calibrate everything well, we will have some data to make a
very good step in dark energy cosmology.

23 The composition of galaxy clusters

078-87%= Dark Matter
e 11-14% = hot gas
e 2 — 6% = galaxies (in total)

forHy =70

H. Boéhringer, Galaxien und Galaxienhaufen im Universum (§ 1) SS 2009
24 Galaxy Clusters Defined as Gravitational Potentials
X-ray emission originates from20 — 100 Mill. K plasma

LX = 1043 — 31045erg/skT = 2 — 10keV
ne1l0 —4—-10—1lem —3
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Figure 1: The Coma Galaxy Cluste ( H. Bohringer, Galaxien und Galaxienhaufen im Universum
(§ 1) SS 2009r)
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Figure 2: Graph.-The Network of Large-Scale Structure is Formed by Many Zeldovich Pancakes
The Coma cluster within the Great Wall, seen as a “finger of good” due to redshift space
distortion
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Figure 3: Sketch of the cosmic potential
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Figure 4: Optical and X-ray appearance of the Coma cluster of galaxies (From POSS and
ROSAT-All Sky Survey)

14


PyV
Texto escrito a máquina
176


177

Figure 5: Comparison of galaxies and clusters as Dark Matter Halos
The intracluster gas is heated when the cluster forms and does not cool — it still reflects the
potential depth (H. Bohringer, Galaxien und Galaxienhaufen im Universum (§ 1) SS 2009)
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Figure 6: Merging Galaxy Clusters, illustrating how clusters of galaxies grow
The merging of two galaxy clusters in the system Abell 3528 (H. Bohringer, Galaxien und
Galaxienhaufen im Universum (§ 1) SS 2009)
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Figure 7: Lookback Timescales

redshift distance (Mpc) age (Gy

0.1 418 1.3
0.3 1194 3.4
0.5 1888 5.0
0.7 2506 6.3
1.0 3304 7.7
1.5 4364 9.3
2.0 5180 10.2
3.0 6356 11.4
5.0 7775 12.3
7.0 8627 12.7
10.0 9440 13.0
1000.0 13640 13.4

Big Bang Age = 13.7
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Description and results of a robust approach to
f(R) gravity
Luisa G. Jaime'?, Leonardo Patifio? and Marcelo Salgado?

August 30, 2011

Abstract

This contribution is intended to describe a robust method to study the
gravitational equations coming from an f(R) theory and give some particular
examples by finding spherical gravitational configurations whose existence had
been the source of controversy in recent years. We argue that such controversy
is the result of an ill defined procedure to treat f(R) theories.

1 Introduction

All the dynamics of general relativity can be extracted from the action

R
SEH—i-matt[gab, ’l/)] :/ﬁ V—4g d4l’ + Smatt[gaba ¢] ) (1)

where the first term on the right is the Einstein-Hilbert action and the second is
the one coming from the matter content on the space-time with 1) representing
generically the matter fields, k = 87G and we use units where C=1.

Einstein’s equation G, = kT, can be obtained by varying (1) with respect to
the metric ggp.

In the same spirit, f(R) theories are gravitational theories that propose a general,
and in principle arbitrary, function f of the curvature scalar R as the gravitational
Lagrangian density, modifying (1) to be

S[Gap, V] = / %H d*x 4 Swmatt[gavs V) , (2)

and from which, by varying it with respect to the metric, we get
1
JrRBRap — §fgab —(VaVi — gu0) fr = KTu, . (3)
where O = ¢*V,V,, and fr = %.

The hope behind postulating (2) is to find a gravitational theory that, without
introducing dark components of matter and energy, accommodates some of the
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Figure 1: Plot of the potentials in the scalar-tensor theory associated with the models: a) In

Blue, suggested by Starobinsky, f(R) = R+ ARg {(1 + %z) - 1] with A—2, Ry — Landn — 2,
0

b) In Green, suggested by Miranda et al, f(R) = R — aR,In(1 + 1%), with o = 2 and R, =1,

cl(EHn
c) In Red, suggested by Hu and Sawicki, f(R) = —m? 152)

s with m? =1,n=2,¢l =1 and
c2 = 2.

e2(H)r -1’

observations that are not in agreement with general relativity and its weak field
limit, such as the rotation curves of the galaxies or the accelerated expansion of the
universe.

It should be clarified that the intention of this particular contribution is neither
to criticize nor defend the general idea of introducing f(R) theories, but instead to
present a reliable method to treat these theories.

Equation (3) is in general a fourth order partial differential equation for the
metric coefficients which proves to be very difficult to solve, so it is encouraging no
to approach it directly but to consider a simpler way to treat it. In particular in
1983 Teyssandier and Tourrenc [1] suggested a method to rewrite (3) for a certain
class of f(R)’s by noticing that if frr # 0, the action (2) could be rewritten as the
action for a scalar-tensor theory

Sgantt] = [ LR~ V()] ' + Sl 0] (@

where

x = fr(p) and V(p) = ofr(e) — flp).

as long as ¢ = R. For (4) to represent a scalar-tensor theory for the field x, the
relation x = fr(¢) has to be used to write the potential V(¢) as a function of .

This method was soon extended [2| to general cases of (2) and clearly simplified
matters, nonetheless the mapping from an f(R) theory to a scalar-tensor theory can
be ill defined, as it turns out to be the case for several f(R)’s commonly found in the
literature. This can be seen in figure (1) where we plot the potentials in the scalar-
tensor theories that would correspond to the respective f(R) indicated in the caption
of the plot. We see that to the f(R) suggested in [3| by Starobinsky corresponds
a multivalued potential in the scalar-tensor theory, and the same happens for the
f(R) put forward in [4] by Hu and Sawicki. As a consequence of this behavior, the
physics extracted from the models using their scalar-tensor counterpart cannot be
conclusive.

It is clear from the remarks on this section that a novel way to consistently solve
(3) is still necessary, so in the next section we outline one such method which was
already discussed in more detail in a previous paper [5].
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2 Robust approach to f(R) gravity

It is straightforward to write (3) in the following way

TrRGab — fREVAVR — frrr(V.R)(ViR)
+Yab % (Rfr— f)+ freOR + fRRR(VR)2:| = KT , (5)

where (VR)? := g**(V,R)(V,R). Taking the trace of this equation yields

B 1
3frr

where T := T%. Finally, using Eq. (6) in (5) we find

OR (5T — 3frrr(VR)® +2f — Rfs] | (6)

Gy = i{fRRvava + frrr(VaR)(VoR)
Gab 1 R
-5 {5( fa+ f) +,€T] +mTab} : (7)

From the manipulation just carried we see that without any ambiguity, equations
(6) and (7) are entirely equivalent to (3), so we propose to use them as the basic
equations for f(R) theories in every application.

The equations we intend to use provide second order equations for the metric
gap and the curvature scalar R considered as independent from each other. In the
next section we will have the chance to explicitly verify, for spherically symmetric
metrics, the advantage of working with (6) and (7) over working with (3) or the
equations derived from (4), since (6) and (7) provide a clean and free of pathologies
method.

3 Static and spherically symmetric solutions

Let’s consider a static and spherically symmetric (SSS) space-time so the metric is
given by
ds* = —n(r)dt® + m(r)dr® + r* (d6” + sin